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Abstract Let X be a smooth projective curve over an algebraically closed field of charac- 
teristic > 2. Consider the dual pair H — G0 2m , G — GSp 2ji over X, where H splits over an 
etale two-sheeted covering it : X — > X. Write Bung and Buny for the stacks of G-torsors 
and _ff-torsors on X. We show that for m < n (respectively, for m > n) the theta-lifting 
functor Fq '■ D(Bun#) — > D(Bunc) (respectively, Fjj ■ D(Bunc) — > D(Bunjj)) commutes 
with Hecke functors with respect to a morphism of the corresponding L-groups involving the 
SL 2 of Arthur. In two particular cases n = m and m = n + 1 this becomes the geometric 
Langlands functoriality for the corresponding dual pair. 

As an application, we prove a particular case of the geometric Langlands conjectures. 
Namely, we construct the automorphic Hecke eigensheaves on BunQ§ P4 corresponding to the 
endoscopic local systems on X. 

1. Introduction 

1.1 The classical theta correspondence for the dual reductive pair (G§p 2n ,G0 2m ) is known to 
satisfy a version of strong Howe duality (cf. [II]). In this paper, which is a continuation of [7], 
we develop the geometric theory of theta-lifting for this dual pair in the everywhere unramified 
case. 

The classical theta-lifting operators for this dual pair are as follows. Let X be a smooth 
projective geometrically connected curve over ¥ q (with q odd). Let F = ¥ q (X), A be the adeles 
ring of X, O the integer adeles. Write O for the canonical line bundle on X. Pick a rank 
2n-vector bundle M with symplectic form A 2 M — > A with values in a line bundle A on X. Let 
G be the group scheme over X of automorphisms of the GSp 2n -torsor (M, A) . 

Let 7r : X — > X be an etale two-sheeted covering with Galois group E = {1,<t}. Let £ 
be the a-anti-invariants in tt^O^. Fix a rank 2m- vector bundle V on X with symmetric form 
Sym 2 V — > C with values in a line bundle C on X together with a compatible trivialization 
7 : C~ m <S> detV^S. This means that j 2 : C~ 2m <g> (detV) 2 ^ O is the trivialization induced 
by the symmetric form. Let H be the group scheme over X of automorphisms of V preserving 
the symmetric form up to a multiple and fixing 7. This is a form of G©2 m , where G0 2m is 
the connected component of unity of the split orthogonal similitude group. Assume given an 
isomorphism A (8> C ^> Q . 

Let G 2nm the group scheme of automorphisms of M <g> V preserving the symplectic form 
A 2 (M (g> V) — > f2. Write GH C G x H for the group subscheme over X of pairs (g,h) such 
that g (g) h acts trivially on A ® C. The metaplectic cover G2nm(-&) — > G2nm(^) splits naturally 
after restriction under GH(A) — > G 2nm (A). Let S" be the corresponding Weil representation 
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of GH(A). The space S GH ^ has a distinguished nonramified vector vq. If 8 : S — > is a 
theta-functional then O : GH(F)\GH{A)/GH(0) -> Q £ given by 4>o(g,h) = 8{(g,h)v ) is the 
classical theta-function. The theta-lifting operators 

F G : Funct(H(F)\H(A)/H{0)) Fund (G(F)\G (A) /G(O)) 

and 

: Funct(G(F)\G(A)/G(C)) -» Funct(H(F)\H(A)/H(0)) 
are the integral operators with kernel 4>o for the diagram of projections 

GH(F)\GH(A)/GH(0) 

/ i \ P 

H(F)\H(A)/H(0) G(F)\G(A)/G(0) 

The following statement would be an analog of a theorem of Rallis [11] for similitude groups 
(the author have not found its proof in the litterature) . If m < n (resp., m > n) then Fq 
(resp., Fjj) commutes with the actions of global Hecke algebras TCg, TCg with respect to certain 
homomorphism Tic — > Tig (resp., TCg — > Hg)- We prove a geometric version of this result 
(cf . Theorem [T]) . Its precise formulation in the geometric setting involves the SL2 of Arthur 
(or rather its maximal torus). In the particular case n = m (resp., m = n + 1) the SL2 of 
Arthur dissapears, and the corresponding morphisms of Hecke algebras come from morphisms 
of L-groups H L -» G L (resp, G L -> H L ). 

Our methods extend those of [7], the global results are derived from the corresponding local 
ones. Remind that ®' xe x &x is the restricted tensor product of local Weil representations. 
Let F x be the completion of F at x G X, O x C F x the ring of integers. The geometric 
analog of the GH (F x ^representation S x is the Weil category W(Cd(Wo(F x ))) (cf. Sections 3.1- 
3.2). Informally speaking, we work rather with the geometric analog of the compactly induced 
representation 

Its manifestation is a family of categories ~D<T a (Cd(W a (F x ))) indexed by a G Z (cf. Section 4.2). 

Our main local result is Theorem [3l In classical terms, it compares the action of Hecke 
operators for G and H on the natural nonramified vector in S x . As a byproduct, we also obtain 
some new results at the classical level of functions (Propositions A.l and A. 2). For a even 
they reduce to a result from [10], but for a odd they are new and amount to a calculation 
of K x SO(O x )-invariants in the Weil representation of (§P2 n x S02 m )(i ? x) ) where K is the 
nonstandard maximal compact subgroup of Sp 2n (i ? a; ). 

1.2 The most striking application of our Theorem [1] is a proof of the following particular case 
of the geometric Langlands conjecture for G = GSp 4 . Let E be an irreducible rank 2 smooth 
Q^-sheaf on X equipped with an isomorphism vr*x^> det-E, where \ is a smooth Q^-sheaf on 
X of rank one. Then tt*(E*) is equipped with a natural symplectic form A 2 (7r*-E*) — > x~ l -> so 
can be viewed as a G- local system Eg on X, where G is the Langlands dual group over Q^. We 
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construct the automorphic sheaf K on Bunc which is a Hecke eigensheaf with respect to Eq 
(cf. Corollary QJ. 

Acknowledgements. I am grateful to V. Lafforgue for regular and stimulating discussions. 

2. Main results 

2.1 Notation Prom now on k denotes an algebraically closed field of characteristic p > 2, all 
the schemes (or stacks) we consider are defined over k (except in Section 4.8.7.2). 

Fix a prime t ^ p. For a scheme (or stack) S write D(5) for the bounded derived category of 
^-adic etale sheaves on S, and P(<S) C D(S') for the category of perverse sheaves. Set DP (5) = 
©iezP(£)[»] <= D(5). By definition, we let for K,K f G P(S),i,j G Z 

Rom P{S) (K,K'), for £ = j 
0, for j 7^ j 

Since we are working over an algebraically closed field, we systematically ignore Tate twists 
(except in Section 4.8.7.2, where we work over a finite subfield &o C A;. In this case we also fix a 
square root Q^(f) of the sheaf Q^(l) over Spec/co). Fix a nontrivial character ip : ¥ p — > Q| and 
denote by £^ the corresponding Artin-Shreier sheaf on A 1 . 

If V — > S and V* —* S* are dual rank n vector bundles over a stack 5, we normalize the 
Fourier transform Four^ : B(V) — > D(V*) by Four^,(A) = (pv*)\{£,*£tp ®Py-*0N(§)j where 
PViPV* are the projections, and £ : 1/ xg V* — > A 1 is the pairing. 

For a sheaf of groups G on a scheme S, J-q denotes the trivial G-torsor on S. For a 
representation V of G and a G-torsor on S write V^- G = 1/ x G for the induced vector 
bundle on S. For a morphism of stacks / : Y — > Z denote by dim. rel(/) the function of 
connected component G of Y" given by dimG — dimG', where C is the connected component of 
Z containing /(G). 

2.2 Hecke operators Let A be a smooth connected projective curve. For r > 1 write Bun r 
for the stack of rank r vector bundles on X. The Picard stack Buni is also denoted Pic A. For 
a connected reductive group G over k, let Bun^ denote the stack of G-torsors on A. 

Given a maximal torus and a Borel subgroup T C IB C G, we write A(j (resp., A&) for the 
coweights (resp., weights) lattice of G. Let Ag (resp., Ag) denote the set of dominant coweights 
(resp., dominant weights) of G. Write (resp., po) for the half sum of the positive roots (resp., 
coroots) of G, wo for the longuest element of the Weyl group of G. 

Set K = k(X). For a closed point x G A let K x be the completion of K at x, O x C K x be 
its ring of integers. 

The following notations are borrowed from [7]. Write Gr^ for the affine grassmanian 
G(K x )/G(O x ). This is an ind-scheme classifying a G-torsor J-<q on A together with a trivial- 
ization : \x-x \x-x- For A G Ag write Gr^ x C Gr^^ for the closed subscheme 

classifying (Fq, (3) for which V-po{— (A, A)x) C V^ G for every G- module V whose weights are < A. 

The unique dense open G{O x )-oih\t in Gr^ is denoted Gr^. 



Hom D p (5) (A[z],A'[ 
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For 9 G 7Ti(G) the connected component Gr G of Gr G classifies pairs (Tg,[3) such that 
V-po{— (9, X))—* Vjf g for every one-dimensional G-module with highest weight A. 

Denote by the intersection cohomology sheaf of Gr G . Write G for the Langlands dual 
group to G, this is a reductive group over equipped with the dual maximal torus and Borel 
subgroup T C B C G. Write Sph G for the category of G(0 x )-equivariant perverse sheaves 
on Gi(Q tX . This is a tensor category, and one has a canonical equivalence of tensor categories 
Loc : Rep(G)^ Sph G , where Rep(G) is the category of finite-dimensional representations of G 
over Q e (cf. [9]). 

For the definition of the Hecke functors 

H£",H£ : Sph G x D(Bun G ) - D(X x Bun G ) 

we refer the reader to ([7], Section 2.2.1). Write * : Sph G ^ Sph G for the covariant equivalence 
induced by the map G(K X ) — > G(K X ), g i— > g . In view of Loc, the corresponding functor 
* : Rep(G) ^> Rep(G) sends an irreducible G-module with h.w. A to the irreducible G-module 
with h.w. —wq{X). For A G A G we also write H G (-) = H G "(^4, G , •). 
Set 

DSph G = reZ Sph G [r] C D(Gr G ) 

As in ([7j, Section 2.2.2), we equip it with a structure of a tensor category in such a way that the 
Satake equivalence extends to an equivalence of tensor categories Loc r : Rep(G x G m ) ^ D Sph G . 
Our convention is that G m acts on Sph G [r] by the character x i— > x~ r . 

Now let 7r : X — > X be a finite etale Galois covering with Galois group S. Given a homo- 
morphism E — > Aut(G), let G be the group scheme on X obtained as the twisting of G by the 
S-torsor ir : X — > X. Set K = k(X). For a closed point x G X write K x for the completion of 
K at x, O x C K x for its ring of integers, and Gr Gj ^ for the affine grassmanian G(K x )/G(O x ). 

Write Bunc for the stack of G-torsors on X. One defines Hecke functors 

£ H£, £ H^ : Sph G x D(Bun G ) -» D(Bun G ) (1) 

as follows. Write x TLg f° r the Hecke stack classifying G-torsors J-q, J-' g on X and an isomorphism 
Tg-^T'q \x—k(x)- We have a diagram 

Bun G <- X U G ->• Bun G , 

where h*~ (resp., h~*) sends (JFgi^Fq-iX) to Tg (resp., to J~q). Set D x = SpecCAf. Let BunG,x 
be the stack classifying Tg G Bung together with a trivialization Tg \d s ~*-^g- Write id',id r 
for the isomorphisms 

X H G ^ Bnn G , x x G ^ Gv G , x 

such that the projection to the first factor corresponds to h^~,h~^ respectively. To S G Sph G , 
K G D(Bunc) one attaches their twisted external product (KMS) 1 and (KMS) r on x TCg, they 
are normalized to be perverse for K, S perverse. The functors ([I]) are defined by 

x Bg(S,K) =ht(K®*S) r and x Rq(S,K) = h7^(KMS) 1 
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We have canonically ^Hg (*S,K ) — >jHq (S, K). Letting x move along X, one similarly defines 
Hecke functors 

H£,H£ : Sph G x D(Bun G ) -> D(l x Bun G ) 

They are compatible with the tensor structure on Sph G and commute with the Verdier duality 
(cf. [3 E])- The group £ acts on Gr G £ , hence also on Sph G by transport of structure, and for 
ffSEwe have isomorphisms of functors (a x id)* o H^T (5, •) ^> H g ~(cj*5, •). 

Assume that T is S-invariant then £ acts on the root datum 1Z = (Aq,R,Aq,R) of (G,T), 
here R and R stand for coroots and roots of G respectively. Given an action of £ on (G, T) such 
that the composition £ — > Aut(G,T) — > Out(G) coincides with £ — > Aut(G, T) — > Out(G), we 
form the semi-direct product G :=Gk S included into an exact sequence 1->G->GkS-> 
£ — > 1. This is a version of the L-group associated to Gf- Here denotes the restriction of 
the group scheme G to the generic point SpecF G X of X (cf. [5]). 

2.3 Theta-lifting functors The following notations are borrowed from [5]. Write Q. for the 
canonical line bundle on X. For k > 1 let 67 & denote the sheaf of automorphisms of 0^ © 
preserving the natural symplectic form A 2 (C^ © — > 0. The stack Bun^ of G^-torsors on 
X classifies M G Bun2fc equipped with a symplectic form A 2 M — > 0. Write „4c fc f° r the li ne 
bundle on Bun Gfc with fibre detRr(A, M) at M, we view it as Z/2Z-graded of parity zero. 
Let Bunc fc — > BunG fc denote the ^2-gerb of square roots of Ac k - Write Aut for the perverse 
theta-sheaf on Bunc fe (cf. also [6]). 

Let n, m G N and G = G = G§p 2 „. Pick a maximal torus and Borel subgroup Tq C B<g C G. 
The stack Bung classifies M G Bun2 n ,^4 G Buni with symplectic form A 2 M — > A. Write Ag 
for the Z/2Z-graded line bundle on Bun G with fibre detRT(X,M) at (M,A). 

Write loq for the character of G such that A is obtained from (M, A) by the extension of 
scalars Cjq : G — > G m . Write a Sph G C Sph^ for the full subcategory of objects that vanishh off 
the connected components Gr^ satisfying (9,u)q) = —a. 

Let 7r : X — > X be an etale degree 2 covering with Galois group £ = {id, a}. Let £ be the 
cr-anti-invariants in tt^O, it is equipped with a trivialization £ 2 ^iOx- 

Let H = G©2 m be the connected component of unity of the split orthogonal similitude group 
G©2m over k- Pick a maximal torus and Borel subgroup Te C Be C H. Pick a G 02 m (/c) with 
a 2 = 1 such that a ^ S0 2n (k). We assume in addition that a preserves Te and Be, so for 
m > 2 it induces the uniquqj nontrivial automorphism of the Dynkin diagram of H. For m = 1 
we identify EI^Gm x G m in such a way that a permutes the two copies of G m . 

Realize EI as the subgroup of GL2 m preserving up to a multiple the symmetric form given 
by the matrix 




where E m G GL m is the unity. Take Th to be the maximal torus of diagonal matrices, B# the 
Borel subgroup preserving for i = 1, . . . ,m the isotropic subspace generated by the first i base 

except for m = 4. The group GO g also has trilitarian outer forms, we do not consider them. 
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vectors {ei, . . . , e%\. Then one may take a interchanging e m and e^m and acting trivially on the 
orthogonal complement to {e m ,e2 m }- 

Consider the corresponding X-action on EI by conjugation. Let H be the group scheme on 
X, the twisting of EI by the E-torsor ir : X — > X. 

The stack Bun^ classifies: V € Bun2 m , C € Buni, a nondegenerate symmetric form Sym 2 V — s 
C, and a compatible trivialization 7 : C~ m (8) det £. This means that the composition 

C~ 2m <g> (det V) 2 t. s 2 ^o 

is the isomorphism induced by V^V* ®C. 

Write do f° r the character of EI such that C is the extension of scalars of (V, C) under 
do : EI — > G m . Write a Sph H C Sph H for the full subcategory of objects that vanish off the 
connected components Grj^ of Gre satisfying (9, do) = —a. 

Let RCov denote the stack classifying a line bundle IA on X together with a trivialization 
U®2~q^ j£ g connected components are indexed by Hl t (X, Z/2Z), each connected component 
is isomorphic to the classifying stack B{^2)- 

Let Bun// be the stack classifying V € Bun2 m ,C £ Buni and a symmetric form Sym 2 V — > C 
such that the corresponding trivialization [C~ m ® det V) 2 ^0 lies in the component of RCov 
given by (£,k). Note that 

Bun^ ^ Spec A; x RCov o Bun//, 

where the map Spec A: — > RCov is given by (£, k). Write pn '■ Bun^ — > Bun// for the projection. 
Let Ah be the Z/2Z-graded line bundle on Bun// with fibre detRr(X, V) at (V,C). Set 

Bun G> // = Bun// x PicX Bun G , 

where the map Bun// — > PicX sends (V, C, Sym 2 1/ — > C) to O <8> and Bun G — > PicX sends 
(M, A 2 M — > A) to A. So, we have an isomorphism C (g) .A^fi for a point of Bun G //. Write 
Jiun G H for the stack obtained from Bun Gi // by the base change Bun^ — > Bun//. Let 

t : Bun Gj // -» Bun G2nm 

be the map sending a point as above to V®M with the induced symplectic form A 2 (V ®M) — > 

By ([5], Proposition 2), for a point (M, A, V, C) of Bun G; // there is a canonical Z/2Z-graded 
isomorphism 

, detRr(X,y) 2n ®detRr(X,M) 2m 
det Rr(X, V 9 M) - ^ p) L 5 - ^ ^_ ( 2) 

It yields a map f : Bun G> // — ► Bun G2nm sending (A 2 M — > A, Sym 2 V —> C, .4. <g> C"^ f2) to 
(A 2 (M(g>V) ->n,B). Here 

g _ detRr(X,y) n (8detRr(X,M) m 



det RF(X, 0) nm <g> det RT(X, A) 
and g 2 is identified with detKT(X,M (g> V) via ©. 
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Definition 1. Set Aut Gi # = f* Autfdim. rel(r)]. For the diagram of projections 

Bun H 4- Bun G>H Bun G 
define F G : D(Bun^) -» D(Bun G ) and F H : D(Bun G ) -» D(Bun J/ ) by 

Fg(K) = p.(Aut Gii / ®q*A")[-dimBu n// ] 

^(K) = q,(Aut G) H (g)p*K)[-dimBun G ] 

Since p and q are not representable, Fq and F/j a priori may send a bounded complex to a 
complex, which is not bounded even over some open substack of finite type. Let also Fg denote 
Fjj followed by restriction under Bun^ — ► Bun//. Write Aut G ^- for the restriction of Aut G) j/ 
under Bun G ^ —> Bun G #. By abuse of notation, the composition F G o (pn)\ is also denoted F G . 

2.4 Morphism OF L-GROUPS For m > 2 let % G §pin 2m be the central element of order 2 
such that §pin 2m S0 2m . Here Spin 2m and S0 2m denote the corresponding split groups 

over Speck. For m > 2 denote by GSpin 2m the quotient of G m x Spin 2m by the subgroup 
generated by (— l,im)- Let us convent that GSpin 2 ^>G m x G m . The Langlands dual group is 
G8pin 2m . We also have G^ GSpin 2ra+1 , where GSpin 2n+1 := G m x §pin 2n+1 /{(— 1,^)}. 
Here i& G Spin 2n+1 is the nontrivial central element. 

Let Vh (resp., Vg) denote the standard representation of S0 2m (resp., of S0 2n+1 ). 

CASE m < n. Pick an inclusion Vh ^ Vg compatible with symmetric forms. It yields an 
inclusion H G, which we assume compatible with the corresponding maximal tori. Pick an 
element <tg € SO(Vg) — >G a <2 normalizing Tg and preserving Vh and Th C Be- Let ue € O(Vh) 
be its restriction to Vh- We assume that <th viewed as an automorphism of (H, Th) extends the 
action of £ on the roots datum of (H, Th) defined in Section 2.3. 

In concrete terms, one may take Vg = Q^ n+1 with symmetric form given by the matrix 

E n 
E n 
1 

where E n £ GL n is the unity. Take Tg to be the preimage of the torus of diagonal matrices 
under G -> S0 2n+1 . Let Vh C Vg be generated by {ei, . . . , e m , e n+ i, . . . , e n+m }. Let f H be 
the preimage under H — > SO(Vh) of the torus of diagonal matrices, and Bh the Borel subgroup 
preserving for i = 1, . . . , m the isotropic subspace generated by {ei, . . . , e^}. Then one may take 
og permuting e m and e ra+m , sending e 2n+ i to — e 2n+ i and acting trivially on the other base 
vectors. 

We let £ act on H and G via the elements <jh, <tg- So, the inclusion HI ^ G is S-equivariant 
and yields a morphism of the L-groups H L — > G L . 

CASE m > n. Pick an inclusion Vg ^ Vh compatible with symmetric forms. It yields an 
inclusion G H, which we assume compatible with the corresponding maximal tori. Let <tg 
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be the identical automorphism of Vq. Extend it to an element am £ O(Vh) by requiring that cth 
preserves Th C Be and on £ SQ(Vu), o" H = id. 

In concrete terms, take the symmetric form on Ve = Q| m given by the matrix 

E m 

E m 

Let V G be the subspace of Vu generated by {ex,..., e n ; e m+ i,. . . , e m+n ; e n+ i + e m+n+ {\. Take 
Te to be the preimage under H — > SO(Vh) of the torus of diagonal matrices, and Be the Borel 
subgroup preserving for i = 1, . . . , m the isotropic subspace of Ve generated by {ei, . . . , e^}. Let 
Tie be the preimage under G — > H of Th, Let oh G O(Vh) permute e m and e 2m and act trivially 
on the orthogonal complement to {e m , e 2m }. Then oe lifts uniquely to an automorphism of the 
exact sequence 1 — ► G m — > M — > SO(Ve) — > 1 that acts trivially on G m . 

As above, the inclusion G EI is E-equivariant and gives rise to a morphism of the L-groups 
G x £ = G L — > i/ L . 

Theorem 1. For m < n there is a homomorphism k : fit x G m — > G u>ii/i i/ie following 
property. There exists an isomorphism 

(tt x id)*H^(5,F G (K))^(id^F G )(H^(gRes K (5),^)) (3) 

mD(X xBuiig) functorial inS € Sph G and K E D(Bun^). Hereirxid : XxBung- — ► XxBung, 
and idKlFg : D(X x Bun^) — > D(X x Bun^) is the corresponding theta-lifting functor. 

2) For m > n there is a homomoprhism n : G x G m — > M with the following property. There 
exists an isomorphism 

H^(S,F 6 (K))^(ir x id)*(id^)(H G > (gRes K (*5),K)) 

in D(X xBun^) functorial inS £ Sph H and K € D(Bunc). Here 7rxid : XxBun^ — ► XxBun^ 
and i&MFjj : D(X x Bun^) — > D(X x Bun^) is the corresponding theta-lifting functor. 

Remark 1. If m = n or m = n + 1 then the restriction of k to G m is trivial. The explicit formulas 
for k are given in Section 4.8.9. If m < n then k fits into the diagram 



I 

so 2 , 

If m > n then k fits into the diagram 



2m x G m — > S0 2n _|_i 



X ii m -> 1H1 



SG> 2n+1 xG m A SD 2m , 
In both cases k is the map from ([7], Theorem 3). 
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For a e Z let a Bun G ^- be the stack classifying x G X, (M,A) G Bunc, (V, C, 7) £ Bun^, 
and an isomorphism ^4 ® C^r2(a7r(x)). We have the Hecke functors defined as in Section 2.2 

: _ a Sph G x D(Bun G fi ) -> D( a Bun G ^) 

and 

H^ : _ a Sph e x D(Bun G fi ) -> D( a Bun G ^) 

Set also H~^(5, •) = H^(*5, •). We will derive Theorem Q] from the following Hecke property of 
Aut G £. 

Theorem 2. Let k be as in Theorem^ 
1 ) For m < n there exists an isomorphism 

H£(S, Aut G# ) H^(* gRes K (5), Aut G ># ) (4) 

in D( a Bun G ^) functorial in S G _ a Sph G . 
For m > n there exists an isomorphism 

H^(5,Aut G ^)^H G -(gRes K (*5),Aut G ^) (5) 

m D( a Bun G ^) functorial in S G _ a Sph H . 

2.5 Application: automorphic sheaves on Bunc§p 4 . 

Keep the notation of Section 2.3 assuming m = n = 2, so G = GSp 4 . Let E be an irreducible 
rank two smooth Q^-sheaf on X, \ a rank one local system on X equipped with an isomorphism 
vr*x— * detE. To this data one associates the perverse sheaf Kg ^ on Bun^ introduced in ([7], 
Section 5.1). The local system tt*E* is equipped with a natural symplectic form f\ 2 (-K*E*) — > 
X -1 , so gives rise to a G- local system Eq on A". Since K E ^ is a Hecke eigensheaf, Theorem [T] 
implies the following. 

Corollary 1. The complex Fg(ph\K e jj) G D(Bunc) is a Hecke eigensheaf corresponding to 
the G -local system E G . 

Remark 2. i) We expect that for each open substack of finite type IA C Bun^ the restriction of 
Fg(phiKexh) to W is a bounded complex. We also expect it to be perverse, 
ii) If X splits fix a numbering of connected components of X. Then E becomes a pair of 
irreducible rank 2 local systems E\,Ei on X with the isomorphisms det£i^ det-£/2~*X- 

3. Local theory 
3.1 Background on non-ramified Weil category 

Remind the following constructions from [8]. Let W be a symplectic Tate space over k. By defi- 
nition ([2], 4.2.13), W is a complete topological /c-vector space having a base of neighbourhoods 
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of consisting of commesurable vector subspaces (i.e., dim U\/(JJ\ f~l 17%) < oo for any U\,U2 
from this base). It is equipped with a (continuous) symplectic form f\ 2 W — ► k (it induces a 
topological isomorphism W^W*). 

For a /c-subspace L cW write L- 1 = {w G W \ (uu, I) = for all I G L}. Write £d(I^) for 
the scheme of discrete lagrangian lattices in W. For a c-lattice R C W let CdiW)n C CdiW) 
be the open subscheme of L G £<i(W) satisfying L n i? = 0. 

For a fc-point L G £d(l/F) one defines the category Hl as in ([8], Section 6.1). Let us remind 
the definition. For a c-lattice R C R^ C with R n L = we have a lagrangian subspace 
L# := Lni?- 1 G £(R ± /R) and the Heisenberg group -£Tr = R ± /R®k. Let be the category 
of perverse sheaves on Hr, which are (Lr, XL,_R)-equivariant under the left multiplication on Hr. 
Here Lr ■ = Lr x A 1 C Hr and xl,r is the local system pr* for the projection pr : Lr — > A 1 
sending (I, a) to a. Let DHl r C D(ffij) be the full subcategory of objects whose all perverse 
cohomologies lie in Hl r - 

For another c-lattice 5 C R we have (an exact for the perverse t-structures) transition functor 
Tg R : DHl r —> D7Yl s (cf. loc.cit., Section 6.1). Now Hl is the inductive 2-limit of Hl r over 
the partially ordered set of c-lattices R C R 1 - such that R n L = 0. 

Given a c-lattice M in W, we have a Z/2Z-graded line bundle on £d(W), whose fibre at L 
is det(M : V). Remind that 

det(M : L) = det(M © L -> W), 

where the complex M © L — > VF is placed in cohomological degrees and 1. If S C M C S* -1 " 
is a c-lattice with S D L = then det(M : L)^ det(M/5) © detL 5 , where L 5 := L n 5 X . 
Note that det(M : L) ^ det(M J - : L) canonically. If M' Cl^is another c-lattice then we have 
det(M : L)^J det(M : M') © det(M' : L) canonically. If R' C W is a lagrangian c-lattice then, 
as Z/2Z-graded, det(M : L) is of parity dim(i?' : M) mod 2. 

Fix a one-dimensional Z/2Z-graded space Jw placed in degree dim(i?' : M) mod 2. Let Ad 
be the Z/2Z-graded purely of degree zero line bundle on Cd(W) with fibre Jw © det(M : L) at 
L. Let £^(1^) be the ^-gerb of square roots of Ad- 

For Appoints N°,L° G £d(VF) one associates to them in a canonical way a functor T N o L o : 
DHl — ► DHn sending Hz, to Hat (defined as in [8], Section 6.2). Let us precise some details. 
For a c-lattice i? C -R^ in W we have the projection 

C d (W) R - ^(Jf 1 //?) 

sending L to Lr. Let be the Z/2Z-graded purely of degree zero line bundle on C(R L /R) 
whose fibre at L\ is detLi © det(M : R) © Jw- Its restriction to C^{W)r identifies canonically 
with Ad, hence a morphism of stacks 

Z d (W) R -» C(R ± /R) (6) 

where C(R /R) is the gerb of square roots of Ar. Write N R , L R for the images of N°, L° under 
([6]). By definition, the enchanced structure on Lr and Nr is given by one-dimensional spaces 
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Bl,Bn equipped with 

detL R <g> det(M : R) ® J w , B 2 N ^ det ® det(M : R) ® J w , 

hence an isomorphism B 2 ^ det Lr (g> det iVft for B := Bl® Bn <8> det(M : F) _1 ® J^ 1 - Write 

Fn%l° r '■ D ^L/i -» D 7~(-n r (7) 

for the canonical interwining functor corresponding to (Nr,Lr,B) (as in loc.cit, Section 6.2). 
Then T N o is defined as the limit of the functors (J7J) over the partially ordered set of c-lattices 
RCR L such that N, R G C d (W) R . 

The proof of (Theorem 2, [8]) holds through, so for a fc-point L° G £<j(W0 we have the functor 
Tip : DHr, — > D(£<j(PF)) exact for the perverse t-structures. For two fe-points L°,N° G £d(VF) 
the diagram is canonically 2-commutative 

The non-ramified Weil category W(Cd(W)) is defined as the essential image of Tjfi : TLl — > 
P(£ d (W)) for any fc-point L° G 

3.2 Let O be a complete discrete valuation fc-algebra, F its fraction field. Write fl for the 
completed module of relative differentials of O over k. For a free O-module V of finite rank 
write V{r) C V ® F for the 0-submodule t~ r V, where t G is any uniformizer. 

For r G Z let VF r be a free O-module of rank 2n with symplectic form A 2 W r — ► f2(r). Then 

W r (F) is a symplectic Tate space with the form A 2 W r (F) -» 0(F) ^ s fc. Set 

£f = U rez £ d (W r (F)) 

Let be the set of F-linear isomorphisms g : W a (F) — > W&(F) of symplectic F-spaces. 
Let G a = §p(W a ) as a group scheme over 0. 

Fix a Z/2Z-graded line J r placed in degree nr mod 2. Let «Ad ir be the Z/2Z-graded purely 
of degree zero line bundle on CdiW r (F)) whose fibre at L is J r ® det(W r : L). Let Cd(W r (F)) 
be the fi 2 -gerb of square roots of Ad, r - 

Let Gb,a be the //2-gerb over Gb,a classifying g G Gb,a-, a one-dimensional space £> and an 
isomorphism B 2 ^ Jb ® <8> det(W& : gW a )- The composition x — ► {?c,a lifts to a 
morphism G c ,b*Gb,a -> £c,a sending (g 2 ,B 2 ) G £ Cjfe , (51, #1) G to (g 2 gi,B), where B = Si®^- 

Consider the action map 

x £ d (Ty a (F)) - £ d (W 6 (F)) 

sending (<?,23) G £/6 iQ and (L,Bl) G £d(W<j(F)) to (gL,B%), where Si = B®Bl is equipped with 
the induced isomorphism 

Bl^J b ®det{W b :gL) 
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In this way Q ex := VA a f,^z Qb,a becomes a groupoid acting on 

If := U r& C d {W r {F)) 

The gerb Q a , a — * Qa,a has a canonical section over G a (0) C Q a ,a sending g G G a {0) to 
(g,B = k) equipped with id : B 2 ^ det(W a : W a ). One can define the equivariant derived 
category D Ga{0 )(£ d (W a {F))) as in ([7J, Section 8.2.2). 

For g G Q ba and a c-lattice R C R C W a (F) we have {gR) ± = ^(i?^), and g induces an 
isomorphism of symplectic spaces 

g:R ± /R^(gR) ± /(gR) (8) 

If L G £d(W a (.F)).R then g yields an equivalence T~(-L R —^'HgL gR sending K to g*K for the map 
g : Hr^* H g R. Passing to the limit by R, we further get an equivalence g : Ti.L—^'HgL- 

Proposition 1. Let a,b G Z ; g G over g G £/fc ja L £ -Cd(W a (F)) 6e k-points. Then the 
diagram is canonically 2- commutative 

BH L ^ B(£ d (W a (F))) 

i 9 I 9 

DH gL ^° B(£ d (W b (F))) 

Proof Let i? C R ± C W a (F) be a c-lattice with R D L = 0. We get an equivalence 5 : 
T~(-L R —*7~(-gL gR - Let Ar be the line bundle on C(R ± /R) whose fibre at L\ is 

J a (8) det(W a : i?) <g> det L x 

Let C(R ± /R) be the /^2-gerb of square roots of Ar. We have the projection 

C d (W a (F)) R -> ^(i^/fl) 

sending L° to L^. As in ([8], Section 6.4), we have the functors F L o '■ ^L R —* P(£(R~ L /R))- It 
suffices to show that the diagram is canonically 2-commutative 

H Lr $ V(Z(R^/R)) 
Is IS (9) 

H gLgR 3* Y>(Z({gR^/gR)) 

The above expression gL° gR is the image of g(L°) under Cd{Wb{F))gR — > C((gR) ± /(gR)). Note 
that gL° gR = g{L° R ), where 

~g:C{R ± /R)^C{{gR) ± /gR) 
sends (Li,B) to (gLx , B <g) Bo) ■ Here g = (g,Bo). 
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Remind that Hr denotes the Heisenberg group R /R x A . For the isomorphism 

g : C{R ± /R) x C{R ± /R) x H R ^Z{(gR)^ / gR) x C^gR^/gR) x H gR 

we have g*F^F canonically, where F is the CIO sheaf on each side (introduced in [8], Theo- 
rem 1). The 2-commutativity of ([9]) follows. □ 

By Proposition [H each g G Q^ a yields an equivalence g : W(£d{W a (F))) ^ W(Cd(Wb(F))). 

3.3 Now assume that we are given for each a G Z a decomposition W a = U a (BU*®Q(a), where U a 
is a free O-module of rank n, C7 a and U* ® 0(a) are lagrangians, and the form uj : A 2 W a — ► 0(a) 
is given by uj(u,u*) = (u,u*) for u G U a ,u* £ ® 0(a), where (•,•) is the canonical pairing 
between U a and f7* (g> 0(a). 

Remark 3. If f7i is a free O-module of finite rank and XJi C U\{F) is a O-lattice then there is a 
canonical Z/2Z-graded isomorphism det([/ 2 : £^1)*— ► det(C7* ® O : £/| ® O). 

For a,b G Z let Z4,a be the set of F-linear isomorphisms U a {F) — > Ub(F). We have an 
inclusion £4 a a given by 5 ^ (5, (*5) -1 )- Here *g G GL(£T* 0)(F) is the adjoint 

operator. By Remark O for g G Ub,a we have canonically 

det(W 6 : gW a )^ det{U b : gU a f <g> (detU a , x ) a <g> (det C/ M ) -6 <g> det(0(-6) : 0(-a)) n [n(b - a)} 

Assume in addition that n is even. Assume given a one-dimensional Z/2Z-graded purely 
of degree zero vector space Ju A equipped with J^j a ^> J a <g> det(U atX )~ a . This yields a section 

Pb,a '■ Mb,a — ¥ Gb,a defined as follows. We send g G lib, a to (g,B), where 

B = Ju,b ® Jul ® det (^ : aUa) ® det(0(-6) : 0(-a)) n / 2 
is equipped with the induced isomorphism 

B 2 ^ J b ® J' 1 ® det(VF 6 : oW a ) 

The section p is compatible with the groupo'id structures on Q ex and U ex = l_l 0) (, U\,,a- We let 
U ex act on via p. 

Proposition 2. For a G Z f/iere is a canonical functor J~"u a (F) '■ D(£/*®0(F)) — ► D(Cd(W a (F))) 
exact for the perverse t-structures. For g G Ub, a and g = Pb. a (g) the diagram is canonically 2- 
commutative 

B(U* 0(F)) ^4 F) B(C d (W a (F))) 

is [g (10) 

D([/ fe *®0(F)) B(£ d (W b (F))), 
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Proof 

Step 1. Let R\ C R2 C U a (F) be c-lattices. Write (-,-) a for the symplectic form on the Tate 
space W a (F). For a c-lattice R C C/ (F) set i?' = {w £ U* ® Q(F) \ (w,r) a = for all r G R}, 
this is a c-lattice in £/* <8> 0(F). 

Set R = R x e R' 2 then R^ = R 2 e R' v Let [7" B = i? 2 /-Ri then f/jj G C^/R). Set 
?7 B = (Ur,B) equipped with the canonical Z/2Z-graded isomorphism 

£ 2 ^ J a det(U R ) ® det(W a : R), 

where B = J u>a ® det(c^ a : ® det(C(-a) : C)™ /2 . 

Remind the line bundle .Ar on £(R- L /R) with fibre J7 a (8) detLi (g) det(W a : i?) at Li. Let 
C(R ± /R) be the gerb of square roots of Ar. So, £7 b G C(R ± /R). 

Write Hr for the Heisenberg group R /R x A 1 and %u R for the corresponding category of 
(Ur, xt/,i?)-equivariant perverse sheaves on Hr. Here Ur = Ur x A 1 and xu,R is the local system 
pr* dp on Ur, where pr : Ur — ► A 1 is the projection. 

Let ^"jjo : DTtu R — > D(C(R ± /R)) be the corresponding functor (defined as in [8], Sec- 
tion 3.6). The lattice gR C Wb(F) satisfies the same assumptions, so we have U 9 r = gRijgR\ G 
C(gR x /gR), and < 7 (i? ± ) = (gR)- 1 -. Further, [/J B = (U gR , B x ) with 

Bj = J Uib ® det(£/ 6 : ® det(0(-6) : C)" /2 

equipped with the canonical isomorphism B\^ J b (g> det(U g R) (g> det(Wi> : <?-R). 
We have 5 = (g, Bo), where 

Bq = J u>b ® ® det(Z7 6 : 5 C/ a ) ® det(0(-6) : 0{-a)) n l 2 

is equipped with Bq^ J b <8> i7 a _1 <8> det(Wfc : gW a ). It follows that giU^^U^ canonically. 

Further, 5 yields an equivalence g : T)TCu R —^ D^t/ sfl) an d the diagram is canonically 2- 
commutative 

D% ^ D(£(^/i?)) 

Is is (11) 

D«[/ Sfl 3* D&igR-L/gR)) 
Indeed, this is a consequence of the following isomorphism. We have 



~g : C(R^/R) x £(i^/i2) x H R ^C(gR ± /gR) x £( g R ± /gR) x 

and for this isomorphism g*F^ F canonically, where F on both sides is the corresponding CIO 
sheaf (introduced in [8], Theorem 1). 

Step 2. Given c-lattices S\ C R\ C i?2 C S2 in U a (F), similarly define S = Si © 5" 2 and Ug G 
J0(S ± /S) for 5 C C W a (F). We have a canonical transition functor Tg R : DTijj R — * DH[/ S 
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defined as in ([8], Section 6.6). Let j : C(S- L /S) R C C(S ± /S) be the open subscheme of L 
satisfying L n (R/S) = 0. We have a projection 

p R/s : C(S ± /S) R - C{R^/R) 

sending (L,Bs) to (L R ,Bs), where L R :=Lfl R 1 -. It is understood that Bs is equipped with 

J a ® det L ® det(VF a : 5) , 

and we used the canonical isomorphism det L <g> det(W a : S) ^ det L R (g) det(W a : i?). 

Set Pr/5 = p* R / s [dim. rel(pji/ g)]. Then the following diagram is canonically 2-commutative 

BH Ur ^ B{Z{R X /R)) P %* B(Z(S ± /S) R ) 

I Tin / f 

BH Us ^ s B(C(S ± /S)) 
Define R^jjaiF) as the composition 

DHu R ^ B(Z(R ± /R)) -> D(£ d (Wa(F)) fl ), 

where the second arrow is the restriction (exact for the perverse t-structures) with respect to 
the projection Z d {W a {F)) R -> Z(R ± /R). 

The above diagram shows that the following diagram is also 2-commutative 

BH Ur R ^ (F) B(Z d (W a (F)) R ) 

1 T S,R T 3s,R 

BHu s S ^ (F) B(C d (W a (F)) s ), 

where js,R ■ C d (W a (F)) R C C d (W a {F))s is the natural open immersion. 
So, define 

F Ua(nR :BH UR ^B(Z d {W a {F))) 

as the functor sending K\ to the following object For c-lattices S\ C R\ C i?2 C 5*2 as 
above and 5 = S\ ® S' 2 declare the restriction of K 2 to C d {W a {F))s to be 

The corresponding projective system (indexed by such S) defines an object K 2 G B(C d (W a (F))). 

Further, passing to the limit by R (of the above form) the functors Fu a {F),R yield the desired 
functor T Ua(F) : B(U* ® 0(F)) -> D(A,(W a (F))). 

Finally, the commutativity of (jlQf) follows from the commutativity of (jlll) . □ 
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Remark 4. We could also argue differently in Proposition^ For each a E Z and L° E £d(W a (F)) 
we could first construct an equivalence FuaiF),]^ '■ D(f/„ ® 0(F)) DWi as in ([8j, Proposi- 
tion 5) such that for any g E Ub,a the diagram is 2-commutative 

D(U* <g> 0(F)) Tua ^' L ° BH L 

i 9 I 9 

D(tf*®0(F)) ru ^ iL0) DH gL 
with g = pb a (g). Here g(L°) E C d (W b (F)). Then we could define Fu a {F) as the composition 

B(U: ® 0(F)) ^' L ° DW L ^4° D(£ d (W a (J0)) 
The resulting functor would be (up to a canonical isomorphism) independent of L° E Aj(W (.F)). 

4. Dual pair G§p 2n ,G0 2m 

4.1 As in Section 3.2, let O be a complete discrete valuation fc-algebra, F its fraction field, O 
the completed module of relative differentials of O over k. For a free O-module M we write 
M x = M ®o k for its geometric fibre. 

Fix free O- modules M a of rank 2n, V a of rank 2m, and A a , C a of rank one with symplectic 
form A 2 M a — > A a , a nondegenerate symmetric form Sym 2 V a — > C a , and a compatible trivial- 
ization detV^^C™. Assume also given an isomorphism A a ® C a ^*0(a) for each a E Z. 

Set lf fl = M a ® F a , it is equipped with the symplectic form A 2 W a — > 0(a). For a E Z set 
i7 a = C~" nm , which is of parity zero as Z/2Z-graded. Define >Q(W a (F)), ^ j0 , G a and Q^ a as 
in Section 3.2. 

Let G = GSp 2n be the symplectic similitude group over k of semisimple rank n. Let H be 
the connected component of unity of the split orthogonal similitude group GD 2m of semisimple 
rank m. We may view (M a ,A a ) (resp., (V a ,C a )) as a G-torsor (resp., H-torsor) on SpecC 

Let Gb t a be the set of isomorphisms M a (F) — > Mb(F) of G-torsors over SpecF. Let M^a be 
the set of isomorphisms V a (F) — > Vj,(F) of H-torsors over SpecF. Let Tb <a be the set of pairs 
9 = (51192), where g\ E Gb,a, 92 E Hft ia such that g E £/b ia - That is, the composition 

0(F) ^A a ® C7 a (F) ^ 2 A ® C7 b (F)^0(F) 

must equal to the identity. The natural composition map T c ^ x 7& a - ► ^c,a makes T = U a {, 7j, a 
into a group old. 

Lemma 1. Let Mi,V be a free Ox-modules of finite rank, where M 2 C M\{F X ) is a O x -lattice. 
Set dim(Mi : M 2 ) = dim(Mi/ J R) - dim(M 2 /F) for any O x -lattice R C Mi n M 2 . T/ien we /icwe 
a canonical Z/2Z- graded isomorphism^ 

det(Mi ® V : M 2 ® det(Mi : M 2 ) rky ® (det K) dim(Mi:M2) [dim(Mi : M 2 ) rk V] 

2 there may be sign problems, the corresponding isomorphism is well defined at least up to a sign 



16 



Proof Pick a x -lattice R C M\ n M2. It suffices to establish a canonical Z/2Z- graded isomor- 
phism 

det(Mi ® V : R ® 7) ^ det(Mi/i?) rky ® (det v^M^i/fl) [ dim ( Ml /j?) rk y] 

To do so, it suffices to pick a flag R = Rq C R\ C . . . C R s = M\ of 0^-lattices with 
dim(Bi/22i_i) = 1. □ 

For e 6 Z set G£ = {5 G G 6 , a | 5 A a = A 6 (e)} and Hg >a = {<? G H 6j0 | 5 C a = C 6 (e)}. 

Let us construct a canonical section i^ )0 : % a — > Q bja compatible with the groupo'ids struc- 
tures. Let g = (51,52) £ ^b, a with 51 G G^ , g 2 € , so e + c = a — b. Using Lemma[T]we get 
a canonical Z/2Z-graded isomorphism 

det(M b ® V b : ( gi M a ) ® (52^))^ 

det(M ft : 5l M a ) 2m ® det(7 6 : 02 K) 2 " ® (det y fc )dim(M 6:gi M a ) ^et M a )f m( - Vb ^ Va ^ 
det(M b : 5 iM a ) 2m ® det(Vt : 52 V ) 2n ® C^ ne ® 

det(M fe : 5 iM a ) 2m ® det(U : 52 7 a ) 2n ® ^J™ 6 ® C™" c ® 0((1 - a)c)™ 

We used that dim(M : g±M a ) = —ne, dim(Vfe : 52^) = —mc. Identifying further C a ^ C (c), 
we get 

Jb ® J- 1 ® det(W ft : 5 iy a )^ det(M b : 5l M a ) 2m ® det(y b : g 2 V a ) 2n ® Cg™ ® 0(c(l + c))" m 
Let f&, a (#) = (fl,B), where 

B = det(M b : gi M a ) m ® det(V : # 2 F a ) n ® C^ m ® C(c(l + c)/2)£ m 

is equipped with the induced isomorphism B 2 ^ J b ® J' 1 ® det(W& : gW a ). 
We let T act on £^ via za 

4.2 Let G a = GSp(Af a ) and H a = GO°(V a ), the connected component of unity of the group 
scheme GO(V a ) over SpecO. Set 

Ta = {(91,92) G (G a x M a )(0) I 51 ® g 2 acts trivially on A* ® C a } 

The line bundle on C^(W a (F)) with fibre J7 a ® det(W<j : L) at L is naturally 7^-equivariant (we 
underline that T a acts nontrivially on J a ). So, it can be seen as a line bundle on the quotient 
stack a XL := Cd(W a (F)) /T a . We also have the corresponding // 2 -gerb 

a AX := C d (W a (F))/T a 

of square roots of this line bundle. The derived category Dj- a (Cd{W a (F))) is defined as in ([7], 
Section 8.2.2). 
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The stack a XL classifies: a G-torsor (M,A) over SpecO, a H-torsor (V, C) over SpecO (so, 
we have a compatible isomorphism det V^C m ), an isomorphism A ® C^*Cl(a), and a discrete 
lagrangian subspace LcM® ^(F). 

Let a A X c be the line bundle over a XL whosefibre at (M, A, V, C, L) is C~ anm ®det(M ® V : 
L). It is of parity zero as Z/2Z-graded. Then a XL is the /X2-gerb of square roots of a Axc- 

4.3.1 Hecke operators Denote by a ' a 'HG,X£ the stack classifying: a point (L, M, A,V,C) G 
a AX, a lattice M' C M{F) such that for A' = A(a' — a) the induced form is regular and 
nondegenerate A 2 M' — » A'. We get a diagram 

^ a > a 'rL Gt xc ^ a '*A (12) 

where /i^ (resp., /r>) sends a point of a > a 'Hxc to (L, M, A, V, C) (resp., to (L, M', A', V, C)). 

Lemma 2. For a point (L,M,A,M',A',V,C) of a ' a TCxc there is a canonical Z /2Z- graded 
isomorphism 

c -a'nm ^ det ( M ' g y . L ) ~ £-anm ^(jtf det(Af' : M) 2m □ 

Let a,a ' H-g^xc ~^ a XL be map obtained from hr* by the base change a XL — ► a ' XL. By 
Lemma [21 we get a diagram 

a XL £ a ' a 'ft G ,*£ ^ a 'AX (13) 

Here a point of a ' a 'W G ,A'£ is given by a collection (L, M, A, M' , A', V, C) G a ' a 'U G ^xc together 
with a one-dimensional space B equipped with lg 2 ~ r (j- anm det(M' 8) V : L). The map 

sends this point to (L, M, A, V, C) G a XL together with the one-dimensional space B\ = 
B ® det(M : M') m with the induced isomorphism ^^C" anm ® det(M ®V : L). 

The affine grassmanian Gr Ga = G a (F)/G a (0) is the ind-scheme classifying O-lattices R C 
M a (F) such that for some r G Z the induced form A 2 i? — ► -A a (r) is regular and nondegenerate. 
Write Gr£j a for the connected component of Gr G(i given by fixing such r. 

Trivializing a point of a XL (resp., of a XL) one gets isomorphisms 

id r : a ' a 'n G ,xc^(L d (W a ,(F)) x Gr a G -?)/T a , 

and 

id' : a ' a 'n G ,xc^(C d (W a (F)) x Gi a G ; a )/T a , 
where the corresponding action of T a i (resp., of T a ) is diagonal. They lift naturally to a 7^/-torsor 

C d {W al (F)) x Gr°-°' -> a ' a 'W G ,* £ 

and a 7^-torsor 

C d iW a {F)) x Gr£-° -> a ^'H G ,xc 
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So, for K e D Ta (£d(W a (F))), K> G D Ta , (£ d (W a < (F))) , S G Sph Ga , S' G Sph Ga , we can form 
their external products 

on a ' a 'HQ j xc- The Hecke functor 

II;. = Sph Ga , x DT a ,(£d(W a ,(F))) -> D Ta (>C d (W a (F))) 

is defined by 

It is understood that this informal definition should be made rigorous in a way similar to ([7], 
Section 4.3). 

Write b Sphg ; C Sph G / for the full subcategory of objects that vanish off Gr^ r The first 
agrument of FTg~ actually lies in a /_ a Sph G ; . 

4.3.2 Let a ' a 'Hu,xc be the stack classifying: a point (L, M, A, V, C) G a X£, a lattice V C V(F) 
such that for C = C{a' — a) the induced form Sym 2 V — > C is regular and nondegenerate (we 
also get the isomorphism C'~~ m ® det V'^*C~ m <8> det V^+O). As for G, we get a diagram 

I I ' I (14) 

where (resp. sends (L, M, A, V, C, V, C) to (L, M, A, V, C) (resp., to (L, M, A, V, C')), 
the vertical arrows are /i2-gerbs, and the right square is cartesian (thus defining the stack 

A point of a,a Hm,xc is given by (L,M,A,V,C,V',C) G a,a Hm,xc and a one-dimensional 
space B equipped with 

B 2 (C^)- a ' nm ® det(M ® V' : £) 

The map sends this point to (L, M, A, V, C) G a XC, the one-dimensional space B\ with 
B 2 =J C" anm ® det(M ® V : L), where 

Si = B ® C" m(a '~ a) ® det(V : F') n 0(^nm(o - a')(a - a' - l)) x 

The affine grassmanian Gre a classifies lattices V C V a (F) such that the induced symmetric 
form Sym 2 V -> C a (6) is regular and nondegenerate for some 6 G Z. Write Gr^ for the locus of 
Gre a given by fixing this b. For m > 2 there is an exact sequence — > Z/2Z — > 7ri(H a ) — > Z — > 0, 
so if m > 2 then Gr^ is a union of two connected components of Gre a . Write & Sph Ha C Sph Ha 
for the full subcategory of objects that vanish off GrJ^ . 

The Hecke functor 

Hg- : Sph Ha , x T> Ta ,fyW a ,(F))) -> Dr.CAiCWaCF))) 
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is defined as in Section 4.3.1 using the diagram (|L 

For each oeZa trivialization a of the G-torsor (M a , A a ) on SpecO yields an isomorphism 
a : Gr < K o ^ Grjj. The induced equivalences a* : Sph G Sph Ga are canonically 2-isomorphic for 
different a's. In what follows we sometimes identify these two categories in this way. Similarly, 
we identify Sph Ha ^ Sph e . 

4.4 Let S\y (p} £ PT (£d(Wo(F))) be the theta-sheaf introduced in ([8], Section 6.5). This is a 
7o-equivariant object of the Weil category W ' (Cd(Wo(F))) . Here is the main result of Section 4. 

Theorem 3. 1) Assume m < re. There is a homomorphism k : EI x G m — > G stic/i /or £/ie 
corresponding geometric restriction functor gRes K : Sph G — > D Sph H we /icwe an isomorphism 
inB Ta (C d (W a (F))) 

H G ( 5 > -S'vyo(F)) -> (*gRes K (5), 5 Wo(F) ) 

functorial in S € _ a Sph G . 

£) Assume m > n. There is a homomorphism k : G x G m — > H sitc/i i/iat /or £/te corre- 
sponding geometric restriction functor gRes K : Sph H — > D Sph G we have an isomorphism in 
D Ta (UW a (F))) 

h h (<S, S Wo ( F) ) -> H G (gRes K (*S), SV (F)) 

functorial in S € _ a Sph H . 

The proof occupies the rest of Section 4. The explisit formulas for k are found in Section 4.8.9. 

4.5 Assume given a decomposition M a = L a © (L* ® where L a is a free 0-module of rank 
re, L a and L* © A a are lagrangians, and the form is given by the canonical pairing between L a 
and L*. Assume given a similar decomposition V a = U a © (U* © C a ) for V a , here f/ a is a free 
O-module of rank m. 

Write Q(G a ) C G a and Q(M a ) for the Levi subgroups preserving the above decompositions. 

Set 

QGM a = {g = ( 9l ,g 2 ) e Q{G a ) x Q(H a ) | 5 € T a } 
= {5 = (51,52) e G a x Q(Ha) I 5 e T} 

= {5 = (51,52) G H a x Q(G a ) I 5 € T } 

We view all of them as group schemes over SpecO. We also pick Levi subgroups Q(G) C G and 
Q(H) C EI which identify with the above over SpecO. 

The affine grassmanian Grg(g a ) classifies pairs of lattices V C L a (F), A' C A a (F). For b € Z 
write Gr^ (Ga) for the locus of Gr Q(Ga) given by A' = A a (o). Write b Sph Q{Ga) C Sph Q(Ga) for the 
full subcategory of objects that vanish off Gr^ G ^. As in Section 4.4, we identify canonically 
Sphg( G ) ^ Sphg/ G \. The geometric restriction gRes : Sph G — > Sphg( G ) corresponding to the 
inlcusion of the Langlands dual groups Q(G) G yields a faithful functor Sph G — > Sphg( G ) 
for each b. And similarly for EI. 
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For b, a G Z write Q(G b>a ) for the set of isomorphisms (L a (F) -> L&(F), Ai(F) A(F)) of 
GL n x G m -torsors over SpecF. Let Q(H& i0 ) be the set of isomorphisms (U a (F) — > Ub(F), C a (F) - 
Cb(F)) of GL m xG m -torsors over SpecF. Set 

QGM 6ia = = ( 5l , 52 ) G Q(G 6 , a ) x Q(M 6>a ) | 5 G g 6 , a } 

GQH M = {<? = ( gi>52 ) G G 6>a x Q(H b>a ) | 5 G g M } 

HQG 6j „ = {a = ( gi ,g 2 ) G H b>a x Q(G 6 , a ) | 5 G Sfc,a} 

Set T a = L* ® A a ® 14 and n a = f7* ® C a ® M a . For a G Z and any L° G £ d (W a (F)) we 
have the equivalences 

f WiM)i .:D(T a (f))^DH £ 

and ^7 a ®M a (F),L° : D(n a (-F))^J DW/, defined as in Remark [3] 

Remind that for free O- modules of finite type V,U one has the partial Fourier transform 

Four^, : D(V(F) © U{F)) D(V* ® 0(F) ® U{F)) 

normalized to preserve perversity and purity (cf. [7], Section 4.8 for the definition). Thus, the 
decompositions 

n a ^ U* ® C a ® L a £/"*®£*®0(a) 

and 

Tq^L* ® j4 a ® i7 a © f/ a *®L*®0(a) 
yield the partial Fourier transform, which we denote 

C a :D(T a (F))^D(n a (F)) 

One checks that ( a is canonically isomorphic to the functor F^^ M ,™ L0 o ^L a ^v a (F),L° f° r an y 
L° e C d (W a (F)). 

4.6.1 It is convenient to denote Y a = L a ® y a and n o = J7 a ® M a . For the decomposition 
W a = fl a fl* ® 0(a) we define a Z/2Z-graded line (purely of parity zero) 

J %a = 0{{l - a)a/2)r ® (det U a , x )~™ 

equipped with a natural Z/2Z-graded isomorphism 

Jla^ja® (detn a )" a 

It yields a section nPfe.a : GQHb ia — > ^b,a defined as in Section 3.3. 
For the decomposition 

W a = f a T: ® 0(a) 
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define a Z/2Z-graded line (purely of parity zero) 

J%a = C-™ na ® (det L a<x )~™ 
equipped with a natural Z/2Z-graded isomorphism 

J\^j a ® (det f a , x )~ a 

It yields a section xPb,a : ^Q^b,a - » Gb,a defined as in Section 3.3. 
From definitions one derives the following. 

Lemma 3. For a,b £ Z the following diagrams are canonically 2- commutative 

J-b,a — * yb,a h,a ~> Vb,a 

T / YlPb,a T / rPb,a ^ 

GQM bia HQG M 

For a G Z we have the functors ^x a (F) : D ( T a(-F)) -» B(C d (W a (F))) and^GF) : B(U a (F)) - 
D(Cd(W a (F))) defined in Proposition [2j Note that the diagram is canonically 2-commutative 

D(T a (F)) ^4 F) D(£ d (W a (F))) 

D(n a (^)) 

Remark 5. The following structure emerge. For each g € 7fe a we get functors that fit into a 
2-commutative diagram 

D(n a (F)) ± D(n 6 (F)) 

T Ca T Ci 

D(T a (F)) ^> D(T 6 (F)) 

They are compatible with the groupoid structure on T. Indeed, one first defines these functors 
separately for GQM^^ C % >a and for HQG^^ C % >a using the models II and T respectively. 
This is sufficient because any g € 7^ writes as a composition g = g" o g' with 5" € & and 

g' £ GQHj, . The arrows in the above diagram are equivalences. 

4.7 We have the full subcategories (stable under subquotients) 

P H QG a( o)(T a (F)) c P QG e a( o)(T„(F)) C P(T a (F)) 

P G QM a (0)(n a (F)) C P QG H a (0)(na(^)) c P(n Q (F)), 
and (a yields an equivalence Ca : PQ G m a (O)(^a(F))^P QGm ^o)0^a(F)). 
Definition 2. For a € Z let Weil a be the category of triples (J^i, ft), where 

Fi £ P H QG a (o)(T a (F)), ^ 2 e P GQHa(0) (n a (F)), 

and /? : CaC^l) —*^2 is an isomorphism in P 'QGm a (o)(J^a(F)) ■ Write DWeil a for the category 
obtained by replacing everywhere in the above definition P by DP. 
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Clearly, Weil a is an abelian category, and the forgetful functors fu '■ Weil a — ► ~PwQG a (0)( n Ca(F)) 
and /g : Weil a — > P '&Qu a (o)(Ra(F)) are full embeddings. By Proposition [21 we get a functor 

F Wcila : Weil a -> P Ta (£d(W a (F))) 

sending ( T\ , T 2 , 0) to (F) ( J"i ) . 

Let Jo ^ PhqGo(0)('^o(-^ 1 )) denote the constant perverse sheaf on To extended by zero to 
Tq(-F). Remind that Co(-^o) is the constant perverse sheaf on n extended by zero to ILo(F). 
The object Co(^o) will also be denoted Jo by abuse of notation. So, Iq G Weilo naturally. 

By definition of the theta-sheaf, we have canonically J^Vveii C^o) <SWq(f) m Pt (>Cd(Wo(-^)))- 

4.8 More Hecke operators 

4.8.1 For a G Z let "ATI be the stack classifying: a GL m xG m -torsor (£/, C) over Spec O, G-torsor 
(M,A, A 2 M — > A) over SpecO, an isomorphism A® C^fi (a), and a section s G U* ®M*®Q(.F). 

Informally, we may view D G Q Bla ( C ))(ri a (F)) as the derived category on a ATI. For a, a' G Z 
we are going to define a Hecke functor 

H G : a' -a Sph G x D GQHa , (0) (n a /(F)) -» D GQHa(0) (n a (F)) (15) 

To do so, consider the stack a ' a 'TtxTi classifying: a point of a ATI as above, a lattice M' C M(F) 
such that for A' = A{a! — a) the induced form A 2 M' — > A' is regular and nondegenerate. 
We get a diagram 

where h*~ sends the above collection to (U,C, M, A, s), the map h~* sends the above collection 
to (17, C, M', A', s'), where s' is the image of s under U* ® M* ® tl(F) U* ® M'* ® tt(F). 
Trivializing a point of a ATI (resp., of a ATI), one gets isomorphisms 

id r : a ' a ' Hxn—> (R a ' (F) x Gv a G -f)/GQW a ,(0) 

and 

id 1 : a > a 'H xu ^(n a (F) x G4; a )/GQM a (0) 

So for 

K G D GQHa(0) (n a (F)), if' G D GQHa , (0) (n a ,(F)), S G a '-aSph G , 5' G a _ a , Sph G 

one can form the twisted exteriour products (KMS) 1 and (K'MS') r on a,a ''Hxii- The functor 
([15]) is defined by 

R^(S',K')^hr{K'm *S') r 

It is understood that this informal definition should be made rigorous in the same way as in 
(0, Section 4.3). 
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4.8.2 For a G Z let a ^fT be the stack classifying: a GL n xG m -torsor (L, A) over SpecO, a 
H-torsor (V, C) over O (so, we are also given a compatible trivialization detV^i C m ), an iso- 
morphism A ® C^fifa), and a section s G L* ® ® f2(F). 

We may view D H Q(g a (0)(T a (F)) as the derived category on a ^T. For a, a' G Z we define a 
Hecke functor 

HJf : a /_ a Sph H x D HQGa ,( 03 (T a /(F)) -» D H Q Ga(cl) (T a (F)) (16) 

as follows. Let a,a TLxT be the stack classifying: a point of a XT as above, a lattice V C V(.F) 
such that for C' = C{a' — a) the induced form Sym 2 V — > C' is regular and nondegenerate (we 
also get a compatible trivialization 

C'- fn ® det V C" m ® det F O, 

so (V',C') is a H-torsor over SpecO). 
As in Section 4.8.1, we get a diagram 

a xt ^ a,a ' r ytxT ^ a ' x~r 

and the desired functor (p~6|) . 

4.8.3 We need the following lemma. Write a XIi for the stack classifying: a GL m xG m -torsor 
(U,C) over SpecO, a G-torsor (M,A, A 2 M — ► A) over SpecO, an isomorphism A ® C^fi(a), 
and a section si G U ® M(F). View D^jj^^n* ® ^(i 7 )) as the derived category on a AfIT. 

For a, a' G Z define the Hecke functor 

H£ : a'-a Sph G x D GQHa ,(n:, ®0(F)) - D GQHa (n: ® 0(F)) (17) 

as follows. Let a ' a T~ixn ^ e ^ ne s t ac k classifying: a point of a A'n as above, a lattice M' C M(F) 
such that for A' = A{a! — a) the induced form A 2 M' — > A' is regular and nondegenerate. 
As above, we get a diagram 

a xti 5- a,a 'w A , ri ^ a '^n, 

where /i^ sends the above point to (£7, C, M, A, s\), the map h~* sends the above point to 
(U,C,M', A', si), where si is the image of si under C7 ® M(F)^U ® M'(F). Now (JT2j) is 
defined in a way similar to (|15p . 

Write Four^, : Dgqh /(n a '(.F))— * D G QH a /(n*/ ®0(F)) for the Fourier transform (normalized 
as in Section 2.1). The following is standard (cf. also [7], Lemma 11). 

Lemma 4. We have a canonical isomorphism in D G Qe a (n* ® £l(F)) 
functorial in S G a /_ a Sph G , K G D G q H(1 , (n a / (F) ) . □ 
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4.8.4 Write Pa a C H a (resp., C H a ) for the parabolic subgroup preserving U a (resp., 
U* ® C a )- Let Um a C Pu a and C P£ denote their unipotent radicals. We view all of them 
as group schemes over SpecO. Then Uu a —*C* <g> /\ 2 U a and U^^Ca ® A 2 t7* canonically. 

Similarly, let P Ga C G a (resp., P G C G a ) be the parabolic subgroup preserving L a (resp., 
L* ® A a ). Write U& a C P<s a and Uq C -P g for their unipotent radicals. All of them are group 
schemes over SpecO. We have canonically 

U Ga ^ A* a <g> Sym 2 L a , U^A a ® Sym 2 L* 

View u G n a (F) as a map t> : C* ® f7 (F) -> M a (F). For v G II a (F) let s n (v) denote the 
composition 

A 2 (U a ® C-^F) ? A 2 M a (F) -» ,4 a (F) 

Let Char(Il a ) C LT a (F) denote the ind-subscheme of v G LT a (F) such that su{v) : C*®/\ 2 U a — > 
is regular. An object if G P(T a (F)) is C/H a (C)-equivariant iff Q a {K) is the extension by zero 
from Char(n a ). 

View v G T a (F) as a map v : L a ® A* a (F) -> F a (F). For v G T a (F) let s T (u) denote the 
composition 

Sym 2 (,4 a ® L a ) Sy ^ Sym 2 V a (F) - C a (F) 

Write Char(T a ) C T a (F) for the ind-subscheme of u G T a (F) such that st(w) : ^4 a (S>Sym 2 L a — > 
is regular. An object K G P(II a (F)) is C/ Ga (O)-equivariant iff Q~ l {K) is the extension by zero 
from Char(T a ). 

The next result follows from ([7], Lemma 13). 

Lemma 5. The full subcategory PuQG a (0)(T a(P)) C P(T a (i 7 )) is i/ie intersection of the full 
subcategories 

P UBaio) (T a (F)) n P a (0) (T (F)) n P QGHa (0)(Ta( J F)) 
inside P(T a (F)). □ 

Proposition 3. For a G Z i/ie functor _ a Sph G — > D G QH a (n a (F)) sending S to H^"(<S, Jq) 
factors naturally into 

_ a Sph G — > D Weil a -> D GQHa (II (F)) 

For a G Z t/ie functor _ a Sph H — > D H Q Ga (o)(T a (.F)) sending S to (S,Io) factors naturally 
into 

~aSph H — > D Weil a -> D H Q Ga(c , ) (T a (F)) 

Proof The argument is similar or both claims, we prove only the first one. For a finite subfield 
k' C k we may pick a fc'-structure on O. Then Jo admits a ^'-structure and, as such, is pure of 
weight zero. So, by the decomposition theorem ([I]), one has Hg~(S,Io) G D P G Qe a (n a (F)). 

It remains to show that each perverse cohomology sheaf K of C~ 1 H G ~( t S, Jo) lies in the full 
subcategory PuQG a (0)(^a(F)) of P QGHa{0) (T a (F)). 
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By definition of the Hecke functors, Hg (S, Iq) is the extension by zero from Char(n a ), so 
Ca(K) also satisfies this property. This yields a Um a (0)-action on K. 

To get a (O)-action on K, consider the commutative diagram of equivalences 

I Ci,o y Four^, 

p QG H a (o)(n:®n(F)), 

where Four^ is the complete Fourier transform, and £i,a is the corresponding partial one. 
For v £ II* <8> Q(F) write ) for the composition 

tfu:(F) A ^ A 2 M a (F)^A a (F) 

Write Char(Il* ® O) C II* <g) for the ind-subscheme of u such that sft(y) : C a ® A 2 C/* -> 
is regular. The (O)-equivariance of JT is equivalent to the fact that £i i0j (K) is the extension 
by zero from Char (II* ® $7). 

By LemmalU we have Four^, H^T(<S, Iq) ^H^(<S, Jo), where Jo := Four^(Jo) is the constant 
perverse sheaf on 11*, ® f2 extended by zero to IT*, ® ^(J 1 ). Clearly, H^~(5, Jo) is the extension 
by zero from Char (II* ® f2), and our assertion follows. □ 

According to Proposition [3l in what follows we will write HJj (•, Jo) ■ - a Sph G — > D Weil a and 
HJ^(-,Io) : - a Sph H — ► DWeil a for the corresponding functors. From Proposition [5] one derives 
the following. 

Corollary 2. For a £Z, S £ _ a Sph G , T £ _ a Sphjj i/iere are canonical isomorphisms 

•^Wcii a HG (5, 1 ) — > Hq(<S, SWo(-F)) 

and 

•^Weii a HJf (T, J ) -> Hjj (T, S' Wo ( F )) 

tnDPr (Ai(Wa(F))). 

Thus, Theorem [3] is reduced to the following. 

Theorem 4. Je£ f/ie maps k be as in Theorem^ 

1) Assume m <n. The two functors _ a Sph^ —* DWeil a given by 

S^H^(S,J ) and S HJf(* gRes K (S), J ) 

are isomorphic. 

2) Assume m > n. The two functors _ a Sph H — > D Weil a given by 

T^HJf(T,J ) and T ^ H^(gRes K (*T), J ) 

are isomorphic. 
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Remark 6. For a = Theorem U] is nothing but ([7], Theorem 7). 
4.8.5 Hecke operators for Levi subgroups 

For a G Z set QU a = U* ®C a ®L a Cll a and QT a = L* a ® A a ®U a d T a . 
We are going to define for a, a' G Z Hecke functors 

H Q(G) : a'~a Sph Q(G) x Dqgjj^, (q) (QII / (F)) -» D QGHo(0) (Qn a (F)) (18) 

in a way compatible with the functors defined in Section 4.8. 

Let a XQTl be the stack classifying a Q(H)-torsor (U,C) over SpecO, a Q(G)-torsor (L, A) 
over SpecO, an isomorphism A ® C^fi(a), and a section s G f7* ® C ® L(F). 

Informally, we think of DQ GSa ^(QU a (F)) as the derived category on a XQU. Consider the 
stack a ' a T~Cxqu,q(g) classifying: a point of a XQH as above, a lattice L' C L(F), for which we 
set A' = A(a' — a). We get a diagram 

a XQIl <- a ' a "H^Qn,Q(G) ^ a XQU, 

where sends the above collection to (U,C, L, A, s), the map /i^ sends the above collection 
to (U, C, L', A', s'), where s' is the image of s under U* ® C ® t7* ® C ® L'(F). 

Trivializing a point of a A'QII (resp., of a XQU), one gets isomorphisms 

id r : a ' a '^ Q n,Q(G)-(Qn a ,(F) x GT a Q -* af) )/QGM a ,(0) 

and 

id' : a ' a '^ Qn ,Q(G)-(Qn a (F) x Gr^) / QGM a (0) 

So, for 

# G D QGHa(0) (Qn a (F)), if' G D QGHo ,( 0) (Qn ,(F)) 

and S G a /_ a Sphg( G ), S' G a _ a / Sphg( G \ one can form their twisted exteriour products (i<TK15)' 
and (K'i5') r on a ' a 'H X Qn. ,Q(G)- The functor (JTHJ) is defined by 

H<Q {G) (s',K>) = hr(K'®*sy 

Let a XQT be the stack classifying a Q(KI)-torsor (U,C) over SpecO, a Q(G)-torsor (L, A) 
over SpecO, an isomorphism A ® C^»f2(a), and a section s G f7 ® A ® L*{F). Informally, we 
think of Dg GHa ( C ))(QT a (F)) as the derived category on a XQT . One defines the Hecke functor 

H Q(H) : a'-a Sph Q(H)) X Dqg^,^) (QT a > (F)) ->• DQGH a (0) (QT a (F)) (19) 

using a similar diagram 

a v/^'Y^ ^ cl,cl' n_t h [ a' ■vr\^r 

By abuse of notation, we also write Iq for the constant perverse sheaf on QTo and on QTl®, 
the exact meaning is easily understood from the context. The next result is a straightforward 
consequence of ([7|, Corollary 4). 
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Proposition 4. 1) Assume m > n. The functor 

-aSph Q(G) -> D Q(EHa ( )(Qn a (F)) 
given by S ^ Hq/ G n(<S, Jo) takes values in P S Q Gma ^(QIl a (F)) and induces an equivalence 

-aSph Q ( G) -> P S Q Gma ( )(Q'Ra(F)) 
2) Assume m < n. The functor 

_ a Sph Q{B1) -> D QGHa(cl) (QT a (F)) 
given by S i— > Hq^(5,/o) ia^es values in Pg G e a (C')( ( 3"^«(^ 1 )) anc ^ induces an equivalence 

-aSphg( H ) ^PQ GEIa ( C) )(QT a (F)) 

□ 

4.8.5.2 For a, a' £ Z we will use in Section 4.8.9 the following Hecke functor 

Sph Q(G) x Dq G h o , (o) (QT a > (J 1 )) - D QGea(0) (QT a (F)) (20) 

Consider the stack a ' a T~Ixqt,Q(G) classifying: a point (U,C, L, A, s) of a ^fQT as above, a 
lattice L' C L(F) for which we set A' = A(a' — a). We get a diagram 

a:Q1 <— rixQT,Q(G) —> <*Q1, 

where h*~ sends the above collection to (U,C, L, A, s), and h~* sends the same collection to 
(U,C,L',A',s'), where s' is the image of s under U® A<S>L*(F)^U® A'®L'*(F). The functor 
(f20ll is defined as in Section 4.8.5 for the above diagram. 
The following is a consequence of ([7], Lemma 11). 

Lemma 6. For S £ a '_ a Sphg( G ) the diagram of functors is canonically 2-commutative 

D QGH a ,(0)( ( 5 T a'(-^)) D QGH a ,(C)( ( 5 n a'(F)) 
i H Q(G)( 5 '') 1 H Q(G)( 5 '') 

D QG H a (0)(QT a (F)) D QGUaio) (QU a (F)) 
4.8.6 Weak Jacquet functors 

As in ([7], Section 4.7) for each a € Z we define the weak Jacquet functors 

r PBa ,Jp Ba : D HQGa(0) (T a (F)) -> D QGma{0) (QT a (F)) (21) 

and 

J^, : D GQHa(0) (n a (F)) -> D QGea(0) (Qn a (F)) (22) 
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Both definitions being similar, we recall the definition of (|2ip only. 

For a free 0-module of finite type M and N, r G Z with N + r > write N,rM = 
M(N)/M(-r). 

For iV + r > consider the natural embedding ijv> : N,rQ^a ^ N,r^a- Set 
PQG a = {<? = 52 ) G P Ma x Q(G ) | 5 G T a }, 
this is a group scheme over SpecO. We have a diagram of stack quotients 

PQG a (0/t N+r )\(N, r QT a ) ^ PQG a (0/t N+r )\(N, r r a ) 4 UQG a (0/t N+r )\( N , r T a ) 

U 

QGM a (0/t N+r )\(N, r QT a ), 

where t G O is a uniformizer, p comes from the inclusion Pa a C H a , and g is the natural quotient 
map. First, define functors 

Jpn a i J 'Pn a '■ ^MQGaiO/tN+^iN^a) ~> ^>QGM a (0/t N + r ){N,rQ^ a) (23) 

by 

q* o Jp^ [dim. rel(g)] = i^ r p*[dim. rel(p) — mm] 
q* o Jp^ [dim. rel(g)] = v N r p*[dim. rel(p) + rnm] 

Since 

g*[dim. rel(g)] : ^>Q<QU a (0/t N +^){N,rQ^ a) ~ ¥ ^> PQG a {0/t N + r ){N,rQ^ a) 

is an equivalence (exact for the perverse t-structures) , the functors (f23|) are well-defined. Further, 
(|23p are compatible with the transition functors in the definition of the corresponding derived 
categories, so give rise to the functors (|21 j) in the limit as N, r go to infinity. Note that for (|2ip 
we get D o Jp^ Jj, o B naturally. 

We identify H^Ho and Q(M)^ Q(Mq). Let /2e = detVo and % = detC/o viewed as 
characters of EI or, equivalently, as cocharacters of the center Z(Q(M)) of the Langlands dual 
group Q(M) of Q(M) . Let kh : x G m — > H be the map, whose first component is the 

natural inclusion of the Levi subgroup, and the second one is 2(pn — Pq(w)) + n (AH — %)• The 
corresponding geometric restriction functor is denoted gRes KH . 

Lemma 7. For a,a'eZ and S G a '_ a Sph H; G D B1 Q( G(i ,( C ))(T a /(F)) i/iere zs a filtration in the 
derived category D ( g (GHa ( )(QT a (F)) on 

J Pa B^(S,K) 

such that the corresponding graded object identifies with Hg^(gRes KH (iS), Jp^ (K)). 
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Proof The proof is quite similar to ([7j, Lemma 10), we only have to determine the corresponding 
map k. To do so, it suffices to perform the calculation for a particular K. Let I a > be the constant 
perverse sheaf on T a i extended by zero to T a / (F) . Take K = I a i. 

For si, S2 > let <j ljS2 Gre a C Gre a be the closed subscheme of hM a (0) G Gre a such that 

V a {- Sl ) C hV a C V a (s 2 ) 

Assume that si,S2 are large enough so that S is the extension by zero from SliS2 Gre a . Then 
Hg" (S,I a ,) G D e Q Ga(C) )( S2iS:L T a ) is as follows. Write q )S1 Tx s1)S2 Gr Ha for the scheme classifying 
pairs 

hM a (0) G SljS2 Gr Ha , v £ L* a ® A a ® (hV a )/V a (- Sl ) 
Let 7r : o iSl Tx Sl)Sj Gre a — > S2)S iY a be the map sending (hW a ((D),v) to v. By definition, 

H5-(S,I /)^7ri(Q*£lS), (24) 

where K1<S is normalized to be perverse. If 9 G 7Ti(H) then q iSi Tx S1iS2 Gre a is a vector bundle 
over S1)S2 Gr^ a of rank 2s\nm — (9, n/Jm)- 

Let sl ,s 2 Pu a = {pe P Ma {F) I V a {- Sl ) C pV a C K(s 2 )}. Then 

Gr fta =( SliS2 P Ha ( J F))/P Ha (0) 

is closed in Grp Ha . The natural map S1)S2 Grp^ — > SljS2 Gre a at the level of reduced schemes 
yields a stratification of S1)S2 Gre a by the connected components of Sl)S2 Grpj, . Calculate (f24"|) 
with respect to this stratification. Denote by sljS2 Grg( Ho ) C Grg( Ha ) the closed subscheme of 
hQ(M a ) G Gr Q (e a ) satisfying 

U a (-si) C hU a C C/ a (s 2 ), 
write tp : Grp Ha — » GrQ( Ha ) for the natural map. We have the diagram 

o iS1 QTx sljS2 GrQ( Ho ) ^ P ,siQT>< sl>S2 Gr^ o,siYx sl>S2 Grp^ — > o,siYx sl>S2 Grn a 

where the square is cartesian. Here o, Sl Tx SliS2 Grp Ha is the scheme classifying pairs 
hPu a {0) G sl)Sa Grp^u £l*®A a ® (/iK)/V r a(-si), 

and o,si<3Tx Sl S2 Gr^ is its closed subscheme given by the condition v G L*(^A a (^(hU a )/U a (— si). 
By definition, for T G a /_ a Sphg^ we have 

HQ (H) (T,/ a 0^^Q!(Q£^T), 

where Q^KIT is normalized to be perverse. If 9 G 7ri((5(H)) then o,s 1 QTx Sl)S2 Grg(jj a ) is a 
vector bundle over sljS2 Gig^^ of rank s\nm — (#,n%). Our assertion follows. □ 
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We identify G^Go, Q(G)^*Q(Go). Write fi& = detMo and % = detLo as cocharacters of 
the center Z(Q(G)) of the Langlands dual group Q(G) of Q(G). Let kg : Q(G) x G m — ► G be 
the map whose first component is the natural inclusion of the Levi subgroup, and the second 
one is 2(p& — Pq(q\) + m(p,<Q — Pq). The corresponding geometric restriction functor is denoted 
gRes KG . 

Lemma 8. For a, a' G Z and S G a /_ a Sph G , K G ^gqm ,{0)(^a'(F)) there is a filtration in the 
derived category DQ GEIa ( ) (QLT a (F) ) on 

such that the corresponding graded object identifies with HQ^(gRes KG (5), Jp G (K)). □ 

We will use Lemmas [7J and [8] in the following form (the proof is as in [7J, Corollary 3). 

Corollary 3. Let For a, a' G Z and 5 G a '_ a Sph H . Assume that K G Pmqg i(0)C^a'(F)) admits 
a ko- structure for some finite sub field ko C k and, as such, is pure of weight zero. Then Jp (K) 

is also pure of weight zero over ko, and there is an isomorphism in T>QQ^ a ^(QT a (F)) 

J* PBa Hjf (S, K) ^ Rq (u) (gRes^ (5) , Jj^ (K) ) 

(Similar strengthened version of Lemma\^also holds.) 
4.8.7 Action of Sph G 

Pick a maximal torus and a Borel subgroup Tq C Bq C G, and similarly for H. We assume 
C Q(G) and Th C Q(H). A trivialization of the G a -torsor (M a ,A a ) over SpecO yields a 

maximal torus and a Borel subgroup in G , hence also an equivalence Sph Ga ^ Sphg and a 

bijection Ag ^>Aq as in Section 4.3.2 (and similarly for HI and W a ). 

Write uoi for the h.w. of the fundamental representation of G a that appear in f\ l M a for 

i = 1, . . . , n. All the weights of A l M a are < Write ujq for the h.w. of the G a -module A a . 
For A G set a = (A,wo) then Aq G _ a Sph G . By definition, the complex 

H G (I ) = H^Vo) € D GQ e a (n a (F)) 

is as follows. Set r = (A,cl>i) and A?" = (— Wq(\), Cj\). Let o.rllxGr^ be the scheme classifying 
g G G7^, x G C/* ® C a ® ((gM a )/M a (-r)). Let 

7r : o, r nxGrg a -> Ar ir n a (25) 

be the map sending (x,gG a (C)) to x. Then H G (Io) ^ ^\(Qe _4.g) canonically (recall that 
QcMAq is normalized to be perverse). 

Define the closed subscheme aILj C H a (N) as follows. A point v G H a (N) lies in \U a if the 
following conditions hold: 
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CI) v 6 Char(n a ); 

C2) for i = 1, ... ,n the map : A*([/ a (g> C" 1 ) -> (A i M a )((-^(A), is regular. 

The subscheme \Tl a is stable under translations by U a (—r), so there is a closed subscheme 
A.Arn a C Ar ir II a such that ^II a is the preimage of A,Jvn o under the projection H a (N) — > jv jr n a . 
Since all the weights of A l M a are < cl>j, the map (|25p factors through the closed subscheme 
A,Arn a C Ar jr n a . 

For each v G Char(II a ) let us define a O-lattice M v C M a {F) as follows. View u as a map 
#o ® C~ l -> M a {F). For a O-lattice i? C M a (F) set 

i?^ = {m G M a (F) | (m,s) E 4»(-a) for all x G i?} 

Consider two cases. 

CASE: a is even. For v G Char(il a ) set R v = v(U a ®C~ l )+M a {-±) and M v = u(C/ a( g ) C~ 1 )+ j R^. 
Then C My C and the induced form A 2 M V — > A a (— a) is regular and nondegenerate. 
So, My G Gr^". 

CASE: a is odd. Let 6 = (-a- l)/2. Note that {M a (b)) L = M a (b + 1). Set R v = v(U a + 
M a (b + 1) and M„ = v(U a ig> C" 1 ) + i?^. Clearly, the induced form A 2 M V -> A a (-a) is regular, 
but still can be degenerate. We call v generic if the form A 2 M V — > ^4 a (— a) is nondegenerate. In 
this case M v G Gr^". 

For a even we get a stratification of Char(II a ) indexed by {A G | (A, ljq) = a}, the 
stratum \ Char(II a ) is given by the condition that M v G Gr^ . This condition is also equivalent 
to requiring that there is an isomorphism of O-modules 

R v /{M a (-a/2)) ^0/t ai ~% © . . . 0/t a "~% , 

where t G O is a uniformizer. 

Clearly, \ Char(n a ) C An a . There is a unique open subscheme x,N^-a C A,ivn a whose 
preimage under the projection ^II a — > x,N^-a equals \ Char(n a ). 

We say that a morphism of free O-modules M\ — > M2 is maximal if it does not factor through 
M 2 (-l) C M 2 . 

For a odd define a Char(IT a ) C All a as the open subscheme given by the condition that each 
map A l v in C2) is maximal. Then there is an open subscheme xN^-a ^ A,jvn a whose preimage 
under the projection \Il a — > x,N^-a equals AChar(IT a ). One checks that any v G AChar(II a ) is 
generic and the corresponding lattice M v satisfies M v G Gr^. Note that for v G a Char(n a ) we 
have an isomorphism of O-modules 

R v /(M a (b + i))^C/t ai ~( a+1 )/ 2 © ... © o/t^-(«+i)/2 

for any uniformizer t G O. 

Write IC(A,Arn°) for the intersection cohomology sheaf of x,N^-a- 
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Proposition 5. Let A G A^t with (A, loo) = a. 

1) The map 

7T : o,rIIxGrc a -> A,iVn a 

is an isomorphism over the open subscheme 

2) Assume m> n then one has a canonical isomorphism H^(/o)— * IC(a jv^). 

Proof 1) The fibre of it over v G A,jvn„ is the scheme classifying lattices M' G Gr^ a such that 
u(t/a <8> C~ x ) C M'. Given such a lattice M' let us show that M V = M'. 

Consider first the case of a odd. The inclusion R v C M' + M a (b + 1) must be an equality, 
because for M' G Gr^ with /i<Awe have 

dim(M' + M tt (6+l))/(M a (6+l)) = c(m) < e(A) = dimR v /(M a (b + 1)) 

We have denoted here e(/i) = (/x,<D n ) - §(a + 1). So, M„ = u(C/ a ® C" 1 ) + (M' n M (6)) C M' 
is also an equality, because both M v and M' have symplectic forms with values in A a (—a). 

The case of a even is quite similar to ([7], Lemma 15). Namely, the inclusion R v C M 1 + 
M a (— § ) must be an equality, because for M' G Gtq with fj, < A we get 

dim(M' + M a (-o/2))/(M (-o/2)) = e(ji) < e(A) = dim^/(Af a (-a/2)) 

Here for a even we have set e(fj,) = (fj,,u n ) — §a. So, 

M„ = v(U a ® C" 1 ) + (M' n (Af«(-a/2))) C M' 

is also an equality. The first assertion follows. 

2) For m > n the scheme \,N^la ^ s nonempty, so IC^at^) appears in Hg(Jo) with multiplicity 
one. So, it suffices to show that 

Hom(H^(/ ),H^(/ )) = Q,, 
where Horn is taken in the derived category D (G Q Ha ( C) )(n a (i ? )). By adjointness, 

Hom(H^(/o),H^(/o))-Hom(H^ G(A) H^(/ ),/o), 

where Horn in the RHS is taken in D<qq^ ^q)(Uq(F)). We are reduced to show that for any 
^ fi G A^t with (/U,lDo) = one has 

Hom(H£(/ ),/ ) = 

in Dgg Ho (0)(no(F)). The latter assertion is true for m > n, it is proved in ([7J, part 2) of 
Lemma 15). □ 
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Remark 7. For any a,b € Z let us construct an equivalence Weil a — ► Weil a +26- Pick isomor- 
phisms of O-modules 

L a (b)^L a+2b , A a (2b)^ A a+2b , U a ^U a+2b , (26) 

They yield isomorphisms C a -+ C a +2b, Va—^Va+2b, M a (b) ^M a +26- Hence, also isomorphisms 
Q(&a) Q(G a+ 2b), G a ^G a+ 2fe of group schemes over SpecO (and similarly for Ef). We also 
get isomorphisms of group schemes over Spec O 

QGM a ^QGM a+26 , GQH a ^GQlHI a+ 2fc, MQG a MQG a+2 6 

The isomorphisms ([26]) also yield II a (fe) ^ n a+2 f, and T a (b) ^ T a+2 b. In turn, we get equivalences 

PHQGa (To ) ^ PHQG a+26 (T a +26 ) , PGQH a (II a ) ^ PGQH a+2i) (H a +2b (-F) ) 

which yield the desired equivalence Weil a ^ Weil a +2o- The diagram commutes 

- a Sph G -> Weil a 

_ a _2i,Sph G -> Weil a+ 26, 

where the horizontal arrows are given by S *— * HJj~(cS, Jq), and e, at the level of representations 
of G, is given by V i-> V®V b ". Here F w is the one-dimensional representation of G with h.w. uj 
such that (cj,Uq) = 2. So, the case of a even in Proposition [5] also follows from ([7], Lemma 15). 

4.8.7.2 Let ko C k be a finite subfield. In this subsection we assume that all the objects of 
Sections 4 are defined over fco- 

Write Weil ai fc for the category of triples {T\,Ti, /?) as in Definition [2] of Weila but with 
a ^o-structure and, as such, pure of weight zero. It is understood that the Fourier transform 
functors are normalized to preserve purity. Note that for any G Weil a the perverse 

sheaf T\ is G m -equivariant with respect to the homotheties on T a (F). 

Denote by DWeila^o the category of complexes as in the definition of DWeil a but, in 
addition, with a ^-structure and, as such, pure of weight zero. So, for an object of D Weha,fc 
its semi-simplification is a bounded complex of the form ©iez-^i with Fi 6 Weila,fc . 

Write Fq for fco-valued points of F. For a totally disconnected locally compact space Y write 
S{Y) for the Schwarz space of locally constant Q^- valued functions on Y with compact support. 
Write Weil a (fco) for the Q^-vector space of pairs (J 7 !,^), where T\ G 5 H g (Ea ( C ))(T a (Fo)), T 2 € 

«5GQH a (O)( n a(^0)) With Ca(-^l) = 

Write V for the composition of functors 

DWeil a H DP HQGa(0) (Ta(F)) ^ D QGHa(0) (QT a (F)), 

where /jj sends (^1,^2,(3) to T\. By abuse of notation, we also write V : DWeha,fc — > 
I- ) QGH a (C')(QTa(i 7 b)) for the similary defined functor over ko. 
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Proposition 6. Fori = 1,2 let Ki G DWeil aifco . IfViK^^ViKv) then K 2 mDWeil a . 

Proof Write K ko (resp., DK ko ) for the Grothendieck group of the category Weil aj fc (resp., of 
D Weil aj fc ). Note that DK ko ^ K ko ®% Z[i, t~ 1 }. Write TK ko for the Grothendieck group of the 
category of pure complexes of weight zero on QT a (Fo), whose all perverse cohomologies lie in 
PQGU a (0)(Q¥a(Fo)). The functor JjS^ yields a homomoprhism : DK ko -> TK ko . Let us 
show that it is injective. Let F be an objects in its kernel. For any finite subfield ko C k\ C k 
the map tr^ trace of Frobenius over k\ fits into the diagram 

J* 

DK k0 ^ a TK kQ 

I trfej | tr fel (27) 

Weil (k) ^ <Sqgh (o) (QT a (i<i ) ) , 

where i*\ denotes the fci-valued points of F. By (Lemma [Til Appendix A), J kl is injective, so 
ti kl (F) = for any finite extension ko C k\. By the result of Laumon ([3j, Theorem 1.1.2) this 
implies F = in -D-fC fco . Finally, if i^i = K 2 in then K 1 ^K 2 in D Weil a . □ 

The following result will not be used in this paper, its proof is found in Appendix A. 

Proposition A.l. Assume m > n. The map Ko(_ a Sph G ) ® — > Weil a (/co) given by S i— » 
trfc Hq"(5, Jo) an isomorphism of Qg-vector spaces. 

Write Weil^ 5 C Weil a for the full subcategory of semi-simple objects. 

Conjecture 1. Assume m> n. The functor _ a Sph G — > Weil^ s given by S — > Hg (<S, Jq) a?? 
equivalence of categories. 

4.8.8 Action of Sph H 

We write for the irreducible H-module with h.w. A. Assume that Vo is a 2m-dimensional 
A;- vector space with nondegenerate symmetric form Sym 2 Vo — > Co, and EI is the connected 
component of unity of GO(Vo). Write do for the h.w. of the H-module Co- For < % < m let 
dj denote the h.w. of the irreducible H-module A 1 Vq. Remind that 

is a direct sum of two irreducible representations, this is our definition of o; m ;^m" 

Say that a 

maximal isotropic subspace C C Vo is a m -oriented (resp., a' m - oriented) if A m £ C V° m (resp., 
A m C C V & ™). The group H has two orbits on the set of maximal isotropic subspaces in Vq given 
by the orientation. 

Remind that Grjj classifies lattices V C Vq(F) such that the induced form Sym 2 V — > C(b) 
is regular and nondegenerate, here C = Cq{0). 

Let A £ Ajjj, set a = (A, do). Remind that *4j^ G Sph H denotes the IC-sheaf of Gr H , so 
G -aSphjj. By definition, the complex 

h h( j o) = H£"(^4 H ,/ ) e D H Q(G a (T a (F)) 
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is as follows. Set r = (A,di) and N = (— i^q (A), di). Let o,rTxGr Ha be the scheme classifying 
h G Gr"e a , x G L* a <g> A a <g> ((^T4)/T4(-r)). Let 

7r : ,rTxGrj a -> Ar jr T a (28) 

be the map sending (x, /iH a (0)) to x. Then Hjg(lo) — ► n\(Qe § -4g)[6] canonically, where 6 is the 
unique integer such that Q^K1^4g[6] is perverse. 

View a point of T a (F) as a map L a £SD>l* — ► V^(-F). Define a closed subscheme \T a C T a (N) 
as follows. A point u G T a (N) lies in ^T a if the following conditions hold: 

CI) w G Char(T a ); 

C2) for 1 < i < m the map A*u : A*(L a ® A*) — > (A i V a )({-w^(X), a*)) is regular; 

C3) the map : A m (L a ®^) -» K*»«-u#(A), d m » v5*((-<(A), O) induced 

by A m t> is regular. 

The scheme ^T a is stable under translations by T (— r), so there is a closed subscheme 
\,N^a C N,r^a such that \T a is the preimage of x,N^a under the projection T a (N) — > N,r^a- 
Clearly, the map ([28]) factors through the closed subscheme x,N^a C N,r^a- 

For each v G Char(T a ) define a O-lattice V» C V a (F) as follows. For a O-lattice i? C Va(F) 

set 

R ± = {xG V a (F) | (x,y) G C a {-a) for all y G i?} 

Consider two cases. 

CASE: a is even. For v G Char(T a ) set i?„ = v(L a ® A*) + V a (-f ) and K = w(L a ® A*) + i^. 
Then V v G Gr^". In this case we get a stratification of Char(T a ) by locally closed subschemes 
x Char(T a ) indexed by {A G A^ | (A, do) = a}. Namely, v G Char(T a ) lies in AChar(T a ) iff 
Vv e Gr4. 

Clearly, ,\Char(Y a ) C ;\T a . There is a unique open subscheme x,N^a C x,N^a whose 
preimage under the projection _\Y a — > x,N^a equals x,N^a- 

CASE: a is odd. Let b = (-a - l)/2. We have (V (fo + l)) x = ^(6). Set ^ = v(L a ® A*) + 
V^(6 + 1) and = f (L a ® A*) + R^. Then the induced form Sym 2 V v — > C a (— a) is regular, but 
still can be degenerate. We call v generic if the form Sym 2 V v — > C a (— a) is nondegenerate. In 
this case 14 G Gr^ . 

For a odd define an open subscheme x Char(T a ) C x^a as follows. Note that (u>Jjf (A), a m — 
a' m ) j^z 0. A point v G li es m A Char(T a ) if the following conditions hold: 

• the maps in C2) are maximal; 

• if (wq-(X), a m — a' m ) < then v m in C3) is maximal, otherwise v' m in C3) is maximal. 
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There is a unique open subscheme a,atT„ C A,7vT a whose preimage under the projection \T a — » 
A,ArT a equals A Char(T a ). 

Write IC(a,atT°) for the intersection cohomology sheaf of \jfT®. 

Proposition 7. Let A € Ajj with (A, do) = a. 

1) The map 

7r : o,rTxGr Hn — > 
is an isomorphism over the open subscheme x,N^a- 

2) Assume m < n then one has a canonical isomorphism H^(/o)~* IC(,\ jvY°). 

Proof 1) Let v € \,N^a- The fibre of ir over v is the scheme classifying lattices V € Grjj^ such 
that v(L a ® A* a ) C V . Given such a lattice V let us show that V v = V. 

In view of Remark [7J the case of a even is reduced to the case a = 0, and the latter is done 
in ([7], Lemma 14). 

Consider the case of a odd. The inclusion R v C V + V a (b + 1) must be an equality, because 
for V G Gr^ with < A we have 

dim(y / + K(b+l))/(K(6+l)) = e(/i) < e(A) = dimi? t ,/(y a (6 + 1)) 

We have denoted here e{fj) = —m(b+ 1) + max{(— w^(/j,), a m ), (—w^(fj,),a.' m )}. 

It follows that K = u (L a ® .4- 1 ) + (V' n V a (b)) C V. To prove that V = V v , it suffices to 
show that v is generic. This follows from the fact that (v(L a <g> A' 1 ) + R^)/R^ is a maximal 
isotropic subspace in R v /R^. 

2) For m < n the scheme a,atT° is nonempty, so IC(a,atT°) appears in Hjj(io) with multiplicity 
one. Now it remains to show that 

Hom(H^(/ ),H^(/ )) = Q,, 
where Horn is taken in the derived category ^MQG a (0)C^ a(F)) ■ By adjointness, 

Hom(H^(/o),H^(/o))^Hom(H-^ H(A) H^(/o),/o), 

where Horn in the RHS is taken in D H Q Go (o)(To(i ? )). We are reduced to show that for any 
/ ft G with (fj,, do) = one has 

Hom(H£(/ ),/ ) = 

in Duqu (o)(To(-P 1 )). For m < n this is proved in ([7], part 2) of Lemma 14). □ 

As in the case m > n, assume for a moment that ko C k is a finite subfield, and all the objects 
introduced in Section 4 have a /co-structure. The following result is analogous to Proposition A.l, 
its proof is omited. 

Proposition A. 2. Assume m < n. Then the map A'o(-aSphjj) Qi —* Weil a (fco) given by 
S i— > tr^ (cS, Jq) is an isomorphism of ^-vector spaces. 
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Conjecture 2. Assume m < n. The functor a Sph H — > Weil^ given by S i— ► Hjg (<S, Jq) is an 
equivalence of categories. 

4.8.9 Proof of Theorem^ 

Use the notations of Section 4.8.7 and 4.8.8. Assume that [To is a m -oriented. Below we identify 
cjo : G m ^-GL{Ao) and ckq : G m := >GL(Co). 

For m > n fix a decomposition {7o — ffi 2^ into direct sum of free 0-modules, where \U 
is of rank n, and 2 £7 is of rank m — n, fix also an isomorphism iU^Lq of O-modules. We 
assume that these choices are compatible with the maximal tori chosen before. For m > n let 
hq : GL(Lo) x G m — > GL(C/o) be the composition 

GL(L ) x G m T ^l d GL(L ) x G m = GL( x f/) x G m ldx2 ^ L ^ QL(ii7) x GL( 2 C/) L -^ GL(U ), 

where r is an automorphism of GL(Lo) inducing the functor * : Sph GL ( Lo ) ^ Sph GL ( Lo ). 
Let kq : Q(G) x G m — > (2(H) be the map 

GL(L ) x GL(A ) x G m -> GL(C/ ) x GL(C ) 

given by (x, y, 2) 1— > (ko(x, 2), yuj m (x)). Here w m is the unique coweight of the center of GL(Lo) 
such that (uj m ,uji) = 1. 

Write KQ )ea; : Q(G) x G m — > Q(H) x G m for the map (kq, pr), where pr : Q(G) x G m — > G m 
is the projection. 

For m < n fix a decomposition Lo~* 1^ © 2-^ into direct sum of free 0-modules, where \L 
is of rank m, and 2L is of rank n — m, fix also an isomorphism Uq^iL of O-modules. We 
assume that these choices are compatible with the maximal tori chosen before. For m < n we 
let Ko : GL(C7o) x G m — > GL(Lo) be the composition 

GL(C/ ) x G m = GL(iL) x G m ldx2 ^ L (^ GL(iL) x GL( 2 L) GL(L ) ^ GL(L ), 

here r is an automorphism inducing the functor * : Sph GL ( Lo ) ^ Sph GL ( Lo ). 
Let kq : Q(M) x G m — ► Q(G) be the map 

GL(Z7 ) x GL(C ) xG m ^ GL(L ) x GL(A ) 

given by (x, y, 2) 1— > (ko(x, z),ya m (x)). Here a m is the unique coweight of the center of GL(£/o) 
such that (a m ,ai) = 1. 

Define kq jCX : Q(H) x G m — ► Q(G) x G m as (kq, pr). The following is a consequence of ([7], 
Corollary 5). 

Proposition 8. 1) For m > n the two functors _ a Sphg^ — > DQQ^ a ^(QT a (F)) given by 
T ~ H Q(H) <T> ^o) and T ^ Hq (g) (gRes K « (T), Jo) 
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are isomorphic. 

2) For m<n the two functors _ a Sph Q(G) -> D QGHQ ( C ,)(QT a (F)) given by 
T ~ H Q(G) ( T > J o) and T ^ Hq (h) (gRes K « (T), J ) 

are isomorphic. □ 

As in ([7], Theorem 7), for each a € Z the diagram of functors is canonically 2-commutative 

DWeil a 

fa \ /g 

DP HQGa(0) (T a (F)) DP GQHa(0) (n a (F)) 

DQ G e a( o)(QT a (F)) ^ D QGea (o)(Qn a (F)), 

where /e (resp., /g) sends (Ti,^,^) to ^ (resp., to J^)- 

Remind the maps : 0(H) x G m — > J? and k g : Q(G) x G m — > G from Section 4.8.6. The 
restriction of kh and of k g to G m equals 

2(/5 H - Pq(h)) + nma - na m 
and 2(/5 G — Pq(g)) + rnnujQ — mCo n respectively. From definitions one gets 



( 



~ ~ \ ( -I \ - m(m—l) ~ 

2 (PH - Pq(w)) = {m- l)a m ^-^ao 

2(p G - p Q (G)) = (n + l)cl>„ - " (n 2 +1) o)o 

Write Ke,ea; : Q(H) x G m — > H x G m for the map, whose first component is and the second 
Q(H) x G m — ► G m is the projection, and similarly for K G)ea; . 

By Corollary [3l for T € _ a Sph H and S € _ a Sph G we get isomorphisms 

P(K£(T,I ))^ H£ (H) (gRes KH (T) , J ) (29) 

and 

P(H G -(5,/ ))^H5- (G) (gRes K «(5),/o) (30) 
in Dg GHa ( )((5T a (F)). The Hecke functors in the RHS of ([29]) and (J30J) are from Dq GHo ( )(QT (.F)) 
to the category ^>QGm a (o) {Q^a {F) ) • 

CASE m> n. Proposition [8] together with (|29p yields an isomorphism 

P(H£-(T, J )) ^ HX G) (gRes^- gRes K =(T), J ) 



We will define an automorphism th of M inducing * : Rep(H) — » Rep(H) and k making the 
following diagram commutative 



, T-sOK 



T KG,ex T K H (31) 

Q(G) x G m % M Q(H) x G m 
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The above diagram together with (|30p yield isomorphisms 

P(H^(gRes K (*T), Jo)^H^ (G) (gRes K « gRes K (*T), / ) ^ H^ (G) (gRes^- gRes K =(^), h) 
Thus, we get an isomorphism 

VQ%{gfa8 K {*T),I ))^PQl£{T ) I Q )) 
By Proposition [6l it lifts to the desired isomorphism in D Weil a 

H G -(gRes K (*T),/ )-HJir(T,/o) 

Note that m > 2. Let Wq = Q™, let W\ (resp., W2) be the subspace of W\ spanned by the 
first n (resp., last m — n) base vectors. Equip Wq © Wq with the symmetric form given by the 
matrix 




where E m € GL(Q^) is the unity. Let in 6 §pin(Wo © Wq ) be the unique central element such 
that 

SO(W © W *)^ Spin(W © W *)/{i H } 

Realize H as GSpin(Wo © W *) := G m x Spin(W / © W * )/{(-l, %)}■ There is a unique auto- 
morphism t' of Spin(H / o © W^o ) that preserves im and induces the automorphism g 1— > on 
SO(PFo © W *). The automorphism (o, 5) h-> (a -1 , r'(g)) of G m x §pin(W © Wq) descends to an 
automorphism of EI that we denote th- 

Let W C W 2 © W| be the subspace spanned by e n +i + e* +1 . Equip Wi © W* © W with the 
induced form. Write i& for the central element of Spin(Wi © W± © W). Realize G as 

GSpin(VFi © Wl © W) := G m x §pin(Wi © W^ © W)/{(-l, i G )} 

There is a unique inclusion eo : Spin(Wi © W^ © W) Spin(Wo © Wq*) extending the natural 
inclusion SQ(Wi © W^* © W) ^ SO(W © W *) and sending z G to i H . The map 

id xe : G m x Spin(Wi © Wj* 1 © W) -» G m x Spin(W © ^ *) 

gives rise to an inclusion i K : G > H. Finally, there is a unique a K : G m — > EI such that for 
k := a K ) the diagram (|3T|) commutes. The map th ° ft : Tq — > Th is uniquely defined by the 
formulas 

f cl>i ! — > — a.i + zao, 1 < i < n 

\ CUQ H"> OLQ 

Using these formulas, one checks that 

m(a K ) = 2p GL(2!7 ) + (m - 1 - n)(d m - d n ) + ( (n + 1 - m)n)d 

If m = n + 1 then a K is trivial. 
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CASE m<n. Proposition [8] together with (|30p yields an isomorphism 




IxG 



K 




rn 




(32) 



rn 



Q(G) x G, 



rn 



The above diagram together with (|29p yield isomorphisms 



P(He(*gRes K (5),/o))-H^ (H) (gRes Kffl (*gRes K (5)),I )^HQ (H) (gRes K «- gRes K «(S), J ) 



For m = 1 the map Ke,ea: is an isomorphism, so there is a unique k making (|32[) commutative. 
Now assume m > 1. Let Wo = Q™, let Wi (resp., W2) be the subspace of Wq generated by the 
first m (resp., last n — m) vectors. Equip Wq © Wo © <Qe with the symmetric form given by the 
matrix 



where E n G GL n (Q^) is the unity. Write iq for nontrivial the central element of Spin(Wo © 
W$®Q e ). Realize G as 

G§pin(Ty © W * © Qe) := G m x Spm(W © W * © Q*)/{(-l, i 6 )} 

Equip the subspace Wi © W-f C Wo © Wo © with the induced symmetric form. Write ie for 
the unique central element of §pin(Wi © Wf) such that SO(Wi © Wf) ^ §pin(Wi © W?)/{i m }- 
Realize H as 



There is a unique automorphism r' of §pin(Wi © W*) preserving in and inducing the map 
5 i-> on SO(Wi © W£). The automorphism (a,g) i-> (crV(#)) of G m x §pin(Wi © WJ) 
descends to an automorphism of H that we denote th- 
There is a unique inclusion 




HJf(*gRes K (5),/o)^H^(5,/ ) 




GSpin(Wi © W?) := G m x §pin(Wi © WT)/{(-l,i H )} 



e : Spin(Wi © WJ) ^ §pin(W © W * © Qt) 
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sending i m to i G and extending the natural inclusion SQ(Wi © W*) <-^> SO(W © Wq © Q|). The 
map 

id xe : G m x Spin(Ty 1 © W*) ->■ G m x Spin(iy © WJ © Q<) 

gives rise to an inclusion i K : H — > G. Now there is a unique a K : G m — > G such that for 
K = (i K , a K ) the diagram ([32]) commutes. The map k o re : Tu — > Tg is uniquely defined by the 
formulas 

oti i— > — cl»j + itDo, 1 < i < m 
a i-> w 

From this formulas one gets that 

m(m — 1) n(n + 1) 
a« = (n + 1 - m)(uj n - uj m ) + (mn )d> Q - 2p GL { 2 L) 

In particular, a K is trivial for m = n. Theorem |4] is proved. 

5. Global theory 

5.1 In Sections 5.1-5.2 we derive Theorem [2] from Theorem[3l To simplify notations, fix a closed 
point x E X. Let ax Bun G g be obtained from a Bun G g by the base change x ^ X. We will 
establish isomorphisms @ and ([5]) over aa; Bun G ^. The fact that these isomorphisms depend 
on x as expected is left to the reader. Set x = tt(x). 

Recall the line bundle £ from Section 2.3, we have tt* £^ O y canonically. So, the above 
choice of x yields a trivialization £^0 \d x over D x = SpecO x . The corresponding trivialization 
for ax is the previous one multiplied by —1. We will apply Theorem [3] for O = O x . 

Recall the stack a XC and a line bundle a Axc ° n it introduced in Section 4.2. A point 
of ax Bun G g is given by a collection: (M, A) € Bung, (V, C) € Bun^, and an isomorphism 
A®C^tt{ax). Let a £ : ax Bun G g -» a XC be the map sending (M,A,V,C) to (M,A,V,C) \d x 
together with the discrete lagrangian subspace L = R°(X - x, M ® V) C M © V(F X ). 

Lemma 9. For a point (M., A, V, C) of ax Bun^e there is a canonical Z/2Z- graded isomorphism 

det RT(X, A4 © V) ® - d etRr(X,C) 2 - © detRr(X, 0)2- 

#ere C x is of parity zero as "L/TL- graded. 

Proof By ([5], Lemma 1), we get a canonical Z/2Z-graded isomorphism 

^ _ det RTpf, A4) 2m © det BT(X, V) 2n detRr(X, ^ n ©detV) 
detRI(A,M©V)^ detRr(X,^)®detRr(X,detV) ® detRT(X,0)^m-t 

Applying this to A4 = O n © A n with natural symplectic form A 2 A4 — > .4, we get 

det RT(X, V®A) n ^ det RT(X, A) 2nm © det RT(X, A n <g> det V) 

det RTpr, V) n ' det Rr(X, .4") © det Rr(X, det V) © det BT(X, 
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Since A ® C — > 0(ax) and V — > V* ® C, the LHS of the above formula idetifies with 

det RT{X, V/V(-ax))- n (det V x )~ an ® det(0/0(-ax))- 2mri 

We have used a canonical Z/2Z- graded isomorphism 

det(V/F(-aa;)) ^ (det K) a ® (det(C/C(-a2;)) 2m 

Since det V^^C™, we get 

, p det Rr(X, A4) 2m g det RT(X, V) 2n 

e { ,M ® V) ^ detRT(X,A) 2nm ®detRT(X,0) 2nm ®detRT(X,0/0(-ax)) 2nm ^~ x 

To simplify the above expression, note that detRT(X, A)—* det RT(X,C(— ax)) and 

detRr(X,C)^ det RT(X, C(-ax)) OC" <g> det RT(X, 0/0(-aa;)) 
Our assertion follows. □ 

Let M be the line bundle on ax Bun G& with fibre det RT(X, M®V)®C~ anm at (M, .A, V, C). 

We have canonically ( a £)*(M*£) ^ a A. Extend a £ to a morphism a | : a5; Bun G g -> a X£ 
sending (M, A, V, C) to its image under a £ together with the one-dimensional space 

B _ detRr(X,7W) m ®detRr(X,V) n 
~ det BT(X, C) nm <8> det RT(X, 0) nm 

equipped with the isomorphism B 2 ^ det Rr(X, M ® V) ® C~ anm of Lemma M 

5.2 Let ax H G fj be the stack classifying collections: a point of the Hecke stack (M, A, M', A',/3) £ 
x Ti.G such that the isomorphism f3 of the G-torsors (M,A) and (M',A') over X — x induces an 
isomorphism A(— ax)^ A'; a fl-torsor (V,C) € Bun^, and an isomorphism A' <g) C^fi. We 
have the diagram 

ax Bun G fi <- ax H G jj -» Bun G ^, 

where h - * (resp., /i <_ ) sends the above point of ax 7i G jj to (M',^.', V, C) € Bun G s (resp., to 
(M.AViC) G ai Bun G ^). 

Restriction to D x gives rise to the diagram 

ai Run - <— ai "H - Run - 

Dun G,H G,H ^ DUU G,H 

l a Z I °C (33) 

where the low row is the diagram (|12p for a' = 0. Now Lemma [9] allows to extend (|33p to the 
following diagram, where both squares are cartesian 

-Bun G) £ T '"7^ ;// £ »„„,.„ 

I I a f G I °l 
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and the low row is the diagram (|13p for a! = from Section 4.3.1. This provides an isomorphism 

functorial in S € _ a Sph G and K S Dj- (£d{Wo(F x ))). Here the functors 

= B T MW a (F x ))) -» DrBun Git ) 

are defined as in ([8], Section 7.2). 

Let ax 7~tf I G be the stack clasifying collections: a point of the Hecke stack (V,C,V' ,C , /?) G 
such that the isomorphism /3 of iJ-torsors (V, C) and (V',C) over X — x induces an iso- 
morphism C(—ax)^cC; a G-torsor (M,A) on X and an ismorphism A <8> C '^JO. As above, 
we get a diagram 

aa: Bun Gj £ <- ""W^g -» Bun G ^, 

where h~* (resp., h*~) sends the above point of ax T~(-HQ to (M, A, V, C) (resp., to (M,A,V,C)). 

As in the case of the Hecke functor for G, we get the diagram, where both squares are 
cartesian 

ai Run - 4— ai T/ - Run - 

DUI1 G,H ^ H,G DUU G,H 

I a i I a ifi I °l 

and the low row is the diagram (|14p for a' = from Section 4.3.2. This provides an isomorphism 

h£(s, (°er^)-( a erH^(5,^) 

functorial in 5 € _ a Sph H and K € D7j ) (£rf(M / o(F :r ))). Ry ([Sj, Proposition 6), we have 
{ £)*Sw (F) Aut G canonically. Now Theorem [2] from Theorem [3] by applying the functor 
( a £)*. Theorem [2] is proved. 

5.3 In this subsection we derive Theorem [T] from Theorem [21 We give the argument only for 
m < n (the case m > n is completely similar). 

Let a G Z. It suffices to establish the isomorphism ([3]) for any 5 € _ a Sph G . Ry base change 
theorem, for K G D(Run^) we get 

(tt x id)*H£(S, F G (ir))=? ( a p)i( a q*K ® H^(5, Aut Gj #))[- dimRun^], 

where a q : a Run Gi ^ — > Run^ and "p : a Run G ^ — > X x Rune send a collection (x G 

X,M,A,V,C) G a Run G ^ to (F,C) and (i,M,^4) respectively. 
Ry Theorem [2j the latter complex identifies with 

( a p) ! ( a q*i^®H^(gRes K (5),Aut G ^))[-dimRun^] (34) 
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Consider the diagram 



Bun^ 
T a q 
Bun Gj5 



where a Ti-f I is the stack classifying x £ X, .ff-torsors (V,C) and (V',C') on X identified via an 
isomorphism (3 over X — ir(x) so that (3 yields C'— +C(o7r(£)). The map supp x/i* - (resp., /i^) 
in the top row sends this point to (x,V,C) (resp., to (V',C)). 

The stack %'HjjQ is the above diagram classifies collections: (x, V, C, V, C , (3) € a T~ifj, a 
G-torsor (M, A) on X, and an isomorphism A®C^Q.. The map supp x/i*~ (resp., supp xh~*) 
is the middle row sends this collection to (x, M, A, V, C) (resp., to (x, M, A, V, C')). 

By the projection formulas, now (134j) identifies with 

(id xp)i(Aut G ^®(id xq)*H^(gRes K (5), K))[- dimBun^] 
Theorem [T] is proved. 

Appendix A. Invariants in the classical setting 

A.l In this appendix we assume that k$ C k is a finite subfield, and all the objects introduced 
in Section 4 are defined over &q. Write Fq for fco-valued points of F. Our purpose is to prove 
Proposition A.l formulated in Section 4.8.7.2. 

Lemma 10. Let G be a group scheme over Spec O, P C G be a parabolic and U C P its unipotent 
radical. Let V be a smooth ^-representation ofG(F). Then the natural map V G (°' — > Vurp\ 
is injective, here Vutp\ denotes the corresponding Jacquet module. 

Proof The author thanks J.-F. Dat for the following proof communicated to me. Pick a Borel 
subgroup B C P, write / C G(0) for the corresponding Iwahori subgroup. It suffices to show 
that V 1 — ► Vj/fp) is injective. 

Let v G V vanish in Vijipy Then one may find a semisimple t E B(F) such that the 
characteristic function <j> of Ltl annihilates v (it suffices that the action of t on U(F) be sufficiently 
contracting). However, <j> is invertible in the Iwahori-Hecke algebra of (G(F),I), so v = 0. □ 

Lemma 11. The maps : Weil a (fc ) -> S QGma ^(QT a (F )) and 

J* PGa : Weil a (fc Q ) -> S QGRa(o) (QUa(F )) (35) 

are injective. 



X x Bun^ SUPP ^^ ^ 



| id xq 

SUj 

\ id xp 



V v suppx/i.^ suppxh" 

^ X aun G,i? *~ x H,G ~^ 



X x Bunc, 



45 



Proof Both claims being similar, we prove only the second one. Apply Lemma [10] for the 
parabolic Pe a C M. a and the representation S(U a (F)) of T a (F). Remind that T a = {(51,52) £ 
G a x H a [ ((71,52) acts trivially on A a ® C a }, and Uu a C Pn a is the unipotent radical. 

For v G n a (F) let sn(v) : C* ® A 2 U a (F) -> 0(F) be the map introduced in Section 4.8.4. 
Write Cr(II a ) for the space of v G n a (F) such that sn{v) = 0. By ([ID], page 72), the Jacquet 
module S(H a (F))u (p) identifies with the Schwarz space <S(Cr(ILj)), and the projection 

S(U a (F)) ^ SmF)^^ 

identifies with the restriction map S(U a (F)) — > <S(Cr(n a )). We learn that the restriction map 
Weil a (A:o) — > <5jjQjj a (o)(Cr(II a )) is injective. So, (f35|) is also injective. □ 

Proof of Proposition A . 1 

For b G Z set 6 ft G = K ( fe Sph G ) <g> Q £ and b U Q ^ G) = i^ (bSph Q(G) ) ® Q e . So, 

Hg = © bH-G, 7~Iq(G) = © bHo(G) 
are the Hecke algebras for G and Q(G) respectively. From Proposition U we learn that the map 

-oHq(g) 5Q GHa ( C ,)(Qn a (i ; b)) 

given by 5 i-> trfc Hq>q\(«S, Jo) is an isomorphism of (Q^-vector spaces. Write - a W C _ a 7J.Q( G ) 
for the image of the map (|35j) . We get a Z-graded subspace W := © a VF C Hqig)- 

For a, a' G Z we have the Hecke operators 

H G : cl'-oHg X 5 G QH Q ,(0)(n a '(i ; b)) — > 5 G QH a (C>)(na(Fo)) 

defined as in Section 4.8.1. We claim that for iS G a '_ a 

the operator Hq"(«S, •) sends Weil a /(fco) 
to the subspace Weil a (A;o) C SGQWa(0)(J^a,(Fo))- This follows from the fact the actions of the 
groupoids GQM. and M.QG on the spaces 5 G QH a (e>)(n a (Fo)) commute with each other. 

More precisely, for a, b G Z given 5 = (51,52) £ J&,a such that 52 : Va—^-Vb is an isomorphism 
of Q(EI)-torsors over SpecO, let h = (hifho) G % be any element such that /ii : Mb^ Mb is 
a scalar automorphism of the G-torsor Mb over SpecO. Here /12 is an automorphism of the 
H-torsor V& over SpecO. Set /& 2 = #2" ^252 > so /i 2 is an automorphism of the H-torsor 
over SpecO. Set /i^ = h\ then /?/ = (/ii,/i2) G JJi- The equality 5/1' = hg in T shows that 
5 : <S(n a (F)) — > 5(Hfe(F)) sends H a (0)-equivariant objects to Hft(0)-equi variant objects. We 
have used the action of the groupoid T on the spaces 5(n a (F)) obtained as in Remark 

Thus, W is a Z-graded module over the Z-graded ring Hg- We also know from ([7], Propo- 
sition 2) that qW = qHiq- Our statement is reduced to Lemma [T2l below. □ 

Remind that we have picked a maximal torus T G C Q(G). Write W (resp., Wq) for the 
Weyl group of (G, T G ) (resp., of (Q(G), T G )). Then 

H Q(G) ^Q4f G ] W «, H G ^Q4Tfc] w 
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The homomorphism Res KG : Tig, —> 'Hq(g) (cf. Section 4.8.6) comes from the map f KG : T^ Q — > 
Tqty obtained by taking the Weil group invariants of the map f& — > Tq, 1 1— > tv^q 1 ' 2 ), where v is 
some coweight of the center Z(Q(G)), and q is the number of elements of fco- 

Lemma 12. View Hq(G) as a Z-graded Ti(G)-module via Res KG : H<& — > 7~Iq(&)- Let W = 
© a W C 'Hq(g) = © a 7~(-Q(G) be a TL-graded submodule over the 7L-graded ring !~~C(Q . Assuttic 

that W = H G - Then W = H G . 



Proof Given x G a W, pick a nonzero h € - a T~(-G then hx G qH<g- So, x is a rational function on 
Tg^ which becomes everywhere regular after restriction under / K(C : T^ Q — > Tq ' . Since '• 
normal by Remark [8] below, and x is entire over Qe[f G ] w , it follows that x G Q E [f G ] w . □ 



G 1S 



Remark 8. Let A be an entire normal ring, Wbea finite group acting on A. Assuming that A 
is finite over A w , one checks that A w is normal. 
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